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Abstract
Measuring the bidirectional reflectance distribution function (BRDF) of surfaces
usually is a complex procedure that demands for calibrated setups and high-quality
cameras. This work investigates how to simplify the process by using cameras of
mobile devices. For this purpose, an approach for reconstructing normals and spatially
varying reflectance of a textured, almost planar surface from two images taken under
distant, known illumination is presented. The illumination is measured by using a
camera equipped with a fish-eye lens to capture the environment in a single shot.
Diffuse shading is extracted from the input images by using a bilateral filter to extract
details in image intensity that are not contained in chromaticity. The normal map is
reconstructed with a shape from shading algorithm based on a low-order spherical
harmonics approximation of the environment. BRDFs are represented by a linear
combination of basis materials. This allows to estimate its coefficients with linear
least-squares optimization. Two approaches are presented to handle spatially varying
reflectance. In the first, surface points are clustered by analyzing residual histograms
of random models generated from a RANSAC-like sampling process. In the second,
diffuse and specular components of the BRDF are independently estimated, which
allows to recover a texture with albedo color per pixel and a specular component
shared by multiple surface points. Furthermore, differences between the two input
images are analyzed in order to separate the surface into glossy and matte regions.
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1. Introduction
High-quality material models are a basic requirement in photorealistic image synthesis.
If correctly modeled, optical properties help us to deduce physical characteristics
of objects like hardness, weight, elasticity, or brittleness. Otherwise, if modeled
imprecisely, images look artificial. Typically, optical properties of materials are
represented by the bidirectional reflectance distribution function (BRDF). It describes
to what extent a light ray is reflected in a direction when hitting the material from a
particular direction. In this way, color and glossiness of the material are defined.
Synthesizing images with realistic looking materials can be achieved by the use
of measured BRDFs. However, this results in large datasets with high memory
requirements and involves complex measurement procedures. Producing high-quality
datasets can take hours and needs accurately calibrated measurement devices and
light sources. In addition, the optical properties may vary with position on the surface,
increasing the complexity of the measurement process even more.
The surface of objects is not limited to changes in optical properties of the material.
Variations in height of nearby surface points lead to a bumpy appearance. This can
be captured and simulated by normal maps that contain the direction of the normal
at each surface point. Accurate measurement of normals requires multiple images of
the surface illuminated from different directions. It works best if the material does
not have a glossy appearance.
In contrast, people only need to see a small number of images of the object’s surface
to infer its optical properties and surface structure. This implies that a few images
already contain enough information for inference. Consequently, precise measurement
is not necessary to reproduce an image of the material that looks natural to us.
Instead, only the effects needed for correct inference have to be captured. Creating a
computer vision system capable of estimating optical properties and normals from
only a few images would allow to produce realistic renderings of materials without
complex BRDF and normal measurement.

1.1. Problem Statement
This work investigates how to estimate normals and spatially varying BRDFs of
nearly planar surfaces from photographs captured under distant natural illumination.
At least two images of the surface and one image of the environment have to be

1

Chapter 1. Introduction
supplied. In order to capture the environment in a single shot, the camera is equipped
with a fish-eye lens. Given the input images, the system does not need any further
user interactions. To reduce complexity, inter-reflections and shadows are ignored.
Although images could be captured using arbitrary cameras, this work focuses on
the use of mobile devices like smartphones or tablets and its integrated cameras.
Besides capturing, the increasing processing power of these devices allows to run
the computation on the device. Therefore, the algorithms are designed with keeping
low-end hardware in mind. However, the prototypical implementation currently runs
on standard PC hardware.
The system can be divided into two parts: estimation of normals and estimation
of spatially varying BRDFs. In general, normals and BRDF are different at each
surface point. Given the great number of unknowns, it is impossible to reconstruct
the normal and the BRDF at each point. Fortunately, in the majority of cases there
is some coherency in points of real surfaces, at least approximately. By ignoring
some subtle effects, surfaces can be grouped as shown in Fig. 1.1. Limiting the input
data to a certain surface type allows to recover meaningful normals and reflectance
properties from only two images. However, different types demand for different
constraints. Therefore, multiple approaches are developed in this work, allowing to
generate the best possible result for the appropriate surface type. Nevertheless, even
by restricting the surface type, the problem remains ill-posed. Consequently, it is not
always possible to generate a good solution.
In order to reconstruct normals, the reflectance properties have to be known and vice
versa. As both are unknown, diffuse shading information is extracted from the input
images by applying some heuristics. This information is used to estimate the normal
map. For this purpose, an intrinsic image decomposition algorithm for images of
surfaces with details in shading and albedo is introduced, followed by a shape from
shading approach that is capable of estimating normals under arbitrary illumination.
Similar to normal reconstruction, the estimation of the BRDF is done via optimization.
In this work, a BRDF model based on a linear combination of basis materials is used,
so fitting can be performed by linear least-squares optimization. A precomputation
step further decreases the running time. For surfaces with homogeneous BRDF
(diffuse and specular components do not vary), all surface points can be used as
constraints in the optimization process, yielding a feasible solution to the problem.
Extending the approach to reconstruct spatially varying BRDFs is difficult, because
large regions on the surface do not carry any information about the specular part of
the BRDF. As mentioned before, coherency between surface points can be exploited
to estimate the specular component. In this thesis, two approaches are presented.
In the first, surface points are clustered into regions that share the same BRDF
and a diffuse as well as a specular component are computed for each region. In the
second, diffuse and specular components of the BRDF are independently estimated.
While the diffuse color is estimated per point, the specular component is shared
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by multiple pixels. This approach produces a texture with diffuse per-pixel color
(albedo) and a specular map that separates the surface into regions with matte and
glossy materials. Afterwards, for each of the regions, a set of parameters describing
its shape is estimated.

1.2. Outline
This thesis begins by introducing the fundamental concepts and techniques used in
the subsequent chapters (Sec. 2). This is followed by an overview on related work (Sec.
3). After that, the prototypical system developed in this thesis is presented, starting
with a summary of the basic components (Sec. 4) and being followed by a detailed
explanation. First, it is shown how a 3-dimensional scene is reconstructed from two
images (Sec. 5). Second, the algorithms for normal (Sec. 6) and BRDF estimation
(Sec. 7) are explained. Afterwards, BRDF estimation is extended to estimate spatially
varying BRDFs (Sec. 8). This is followed by more details on how to combine the
described approaches (Sec. 9). Finally, the work is reviewed and an outlook on future
work is given (Sec. 10).
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diffuse:
specular:

diffuse:
specular:

planar surfaces

bumpy surfaces

paper

ingrain wallpaper
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paper with tape
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Figure 1.1.: Examples for surfaces grouped by its reflection properties and normals. Grouping
is only possible if some effects are ignored, e.g., “diffuse” means that the surface
is approximately diffuse. Furthermore, blurred highlights usually occur because
of variations in normal direction on a micro-scale (microfacet distribution), i.e.,
surfaces showing blurred highlights are always rough. However, in this work
“planar” and “bumpy”/“rough” refer to surfaces with clearly visible normal
variations (macro-scale). See Sec. 2.2 for more details.
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2. Background
2.1. Radiometry
Radiometry defines a set of physical quantities to measure light. Light is electromagnetic radiation that can be sensed by the human eye, with wavelengths ranging
from 380 nm to 740 nm. The basic building block of light is a photon that carries an
amount of energy depending on its wavelength. The radiometric quantities describe
the number of photons (i.e., the energy) traveling through space per second. Some
quantities needed to understand the concept of BRDFs and image synthesis are
described in the following, based on [SM09] and [WLL+ 08].
Power/Radiant Flux [Φ] = J/s describes how many photons leave a light source
or hit a surface per second.
Irradiance [E] = W/m2 describes how many photons arrive at a surface point with
area dA per second and is defined as power per unit area:
E=

dΦ
.
dA

(2.1)

Radiance [L] = W/(m2 sr) describes how many photons arrive at a point of the
surface from a particular direction per second. Light travels through space along a
straight line without changing until a surface is hit. Radiance is defined as power per
projected unit area per unit solid angle:
L=

d2 Φ
,
dΩ dA cos θ

(2.2)

where θ is the angle between surface normal and incoming light direction and Ω
is the solid angle on the hemisphere subtended by the incoming light. The solid
angle on the hemisphere in three-dimensional space is comparable to the angle in
two dimensions. A 2D angle is the length of a circular arc of a circle with radius 1,
ranging from 0 to 2π (in radians). A 3D solid angle is the area of a region on the
surface of a sphere with radius 1, ranging from 0 to 4π (in steradians sr, see Fig. 2.1).
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dΩ

Figure 2.1.: The area dΩ of a patch on the surface of a unit sphere is named solid angle,
measured in steradians (sr).

The area dA hit by the light ray needs a correction term cos θ to account for the
change in area that results from the slanted incoming angle. This eliminates the
influence of θ on the radiance, so the radiance is independent of the incoming angle.
Radiance is the basic quantity in radiometry. Both irradiance and power can be
given in terms of radiance. The irradiance of a point x on a surface is calculated by
integrating the incoming radiance over the upper hemisphere Ω+ above the surface:
E(x) =

Z

L(x, ω) cos θdω

(2.3)

Ω+
π

=

Z2π Z2

L(x, ω) cos θ sin θ dθ dΦ .

(2.4)

Φ=0 θ=0

For constant radiance L(x, ω) = Lc (x), the irradiance becomes E(x) = π Lc (x). The
power hitting a surface is found by integrating the irradiance across the surface area
S:
Φ=

Z

E(x) dA ,

(2.5)

S

where x is a point on the surface and dA its differential area.
All quantities can be based on wavelength, giving
• Spectral Power (W/nm),
• Spectral Irradiance (W/(m2 nm)), and
• Spectral Radiance (W/(m2 sr nm).
Similar to radiometry, photometry measures perceived light, i.e., it incorporates
the eye’s perception properties. Each radiometric quantity has its photometric
counterpart, e.g., radiant flux corresponds to luminous flux measured in lumen (lm),
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irradiance corresponds to illuminance measured in lux (lux) and radiance corresponds
to luminance measured in candela per square meter (cd/m2 ). In this work, only
radiometric quantities are used, as the physical quantities of light should be estimated
and simulated.

2.2. Bidirectional Reflectance Distribution Function
The distinct appearance of materials is defined by the bidirectional reflectance
distribution function (BRDF) [NRH+ 77] [WLL+ 08]. This function describes the
reflecting properties of a surface point. It is defined as the ratio between the reflected
radiance and the irradiance:
fr (ωi , ωo ) =

dL(θo , φo )
dL(ωo )
,
=
dE(ωi )
Li (θi , φi ) cos θi dωi

(2.6)

where ωi and ωo denote incident and outgoing direction with respect to the surface
normal, dL(ωo ) denotes the outgoing radiance in direction ωo , dE(ωi ) is the incident
irradiance from direction ωi , Li (θi , φi ) is the incident radiance from direction ωi ,
and dωi is the solid angle within which the incident radiance is confined.

2.2.1. Properties of BRDFs
All physically possible BRDFs share the following properties:
• The values are always positive, as outgoing radiance and incident irradiance
are positive.
• The
reflected light has to be equal or smaller than the incoming light:
R
fr (ωi , ωo ) cos θo dωo ≤ 1.
Ω+

• Interchanging the incident and outgoing direction does not change the BRDF.
This property is called Helmholtz reciprocity and is necessary to guarantee
that the light transport is symmetric.
A BRDF can either be isotropic or anisotropic. Isotropic BRDFs are invariant with
respect to rotation about the surface normal. Therefore, an isotropic BRDF is a
function of θi , θo and the difference between φi and φo : fr (∆φ, θi , θo ).
Fig. 2.2 shows example plots of various BRDFs. These plots are generated by fixing
the incident angle ωi (e.g., fr (45◦ , 15◦ , θo , φo )) and visualizing the function of the
remaining two dimensions in polar coordinates.
The BRDF of an ideal Lambertian reflector is shown in Fig. 2.2(a). The surface
reflects light equally in all directions (fr (ωi , ωo ) = c = πρ ), so to an observer the
surface looks the same independent of the viewing direction. In contrast, an ideal
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mirror (Fig. 2.2(b)) reflects light in an infinitely narrow peak. If the peak becomes
broader, the reflection is called specular or glossy (Fig. 2.2(c)). The BRDFs of real
materials show more complicated reflection properties (Figs. 2.2(d)-2.2(f)) due to
the complex scattering interactions of light rays with the material.
1

0

1

−0.6

0 0.2

0

1

0 0.2

−0.6

(a) Lambertian

0

−0.6

(b) mirror

0 0.2

(c) glossy

9
3

0

−9

0

3

0

0

−3

(d) aluminium

0

−3

(e) pvc
θi = 15

◦

θi = 45

0

(f) white-paint
◦

θi = 75

◦

Figure 2.2.: Examples for different bidirectional reflectance distribution functions, scaled
by cubic root, θi = {15◦ , 45◦ , 75◦ }, φi = 0◦ , φo = 180◦ . BRDFs (d)-(e) were
measured by Matusik et al. [MPBM03a].

2.2.2. BRDF Representation
BRDFs can be represented in two ways: either as tabulated values or as an analytic
function. Tabulating the values would result in high storage requirements if sufficiently
many samples were stored to reproduce the reflection properties adequately. Therefore,
analytic functions were developed that preserve the properties of real-world materials
more or less accurate without the need to store all values. These parametric models
are usually parameterized by only a few parameters. Typically, they consist of a
diffuse component and one or more specular lobes:
fr (ωi , ωo ) =

ρd
+ ρs fs (ωi , ωo ) .
|
{z
}
π
|{z}

diffuse

8

specular

(2.7)

2.2. Bidirectional Reflectance Distribution Function
In this example, ρd and ρs are the intensities of diffuse and specular component,
respectively. ρd is also called albedo. The shape of the specular lobe is given by
fs (ωi , ωo ).
Popular analytic models are the Ward model [War92], Blinn-Phong model [Bli77],
Lafortune model [LFTG97], Cook-Torrance model [CT82] and Ashikhmin-Shirley
model [AS00]. They differ in computational complexity, accuracy in representing
real-world materials [NDM05], support for anisotropic materials, and number of
parameters.

Ashikhmin-Shirley BRDF As a simplified version of the Ashikhmin-Shirley BRDF
model is used in this work, a small summary of its properties is given in the following.
The anisotropic BRDF model by Ashikhmin and Shirley has proven to perform well
in representing a large variety of materials [NDM05]. It consists of a specular term
accounting for Fresnel-effects (Schlick’s approximation [Sch94]) and a diffuse term
with a few improvements over Lambertian reflection. These improvements ensure
energy conservation in the presence of a Fresnel-weighted term. The shape of the
specular lobe is controlled by three parameters, the Fresnel reflectance and two
Phong-like exponents to control the roughness of the material. The model can be
easily integrated into Monte-Carlo based rendering methods.

Linear models The BRDF models mentioned above represent the specular lobe by
one or more non-linear, exponential terms. In addition, some models like the LafortuneBRDF [LFTG97] employ multiple lobes (see Eq. (2.7)). This is even necessary
to represent some materials accurately [NDM05]. Fitting the parameters of nonlinear models to measured data is realized with constrained non-linear optimization
techniques. Hence, it is sensitive to the initial guess and the optimization process
can get stuck to a local optimum. In contrast, linear models do not suffer from such
problems. A BRDF can be represented as a linear combination of K basis functions
fk (ωi , ωo ) with weighting coefficients ak :
fr (ωi , ωo ) =

K
X

ak fk (ωi , ωo ) .

(2.8)

k=1

Any function can be used as basis function, e.g., single lobes of a parametric model
[HFB+ 09], measured BRDFs or radial basis functions [WWHL07]. Fitting the parameters ak is a linear problem, solvable with standard linear least-squares optimization.
Furthermore, materials with multiple specular lobes can be inherently represented
and the lobe’s shape is not restricted by an analytic function. However, the number
of parameters to control the shape of the function is higher than in a parametric
model and they typically do not have an intuitive meaning.
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2.2.3. Acquiring BRDFs
BRDFs of real-world materials are classically acquired with a gonioreflectometer.
This measurement device consists of a light source and a detector that can be freely
positioned on the hemisphere surrounding the material sample. Thus, by placing
light source and detector at each possible combination of positions, the whole BRDF
can be acquired. Two configurations of light source and detector are possible: either
the sample is illuminated by a wide-angle light source and the detector has a narrow
field of view or the sample is illuminated by a narrow light beam and the detector
has a wide field of view [WSB+ 98]. As only a single combination of angles is acquired
per time step, measurement is a lengthy process [WLL+ 08].
Instead of measuring only a single (ωi , ωo )-combination at once, multiple combinations can be measured simultaneously by specialized setups. In this case, the surface’s
material has to be homogeneous, i.e., each surface point has exactly the same BRDF:
fr (ωi , x, ωo ) = fr (ωi , ωo ). The specific measurement device depends on the geometry
of the surface. A planar surface, for example, can be acquired by a CCD sensor with a
fish-eye lens [War92]. Each light beam is reflected by the surface into a hemispherical
mirror, which reflects the light back into the fish-eye lens.

2.2.4. Other Scattering Functions
The 4D anisotropic BRDF or the 3D isotropic BRDF capture only a small amount of
phenomena associated with surface reflectance. In order to store reflection properties
of an inhomogeneous surface, two additional dimensions have to be added to the
function, resulting in a spatial varying BRDF (SVBRDF). If subsurface scattering
should be represented, another two dimensions are necessary, leading to the bidirectional scattering surface reflection distribution function (BSSRDF). This allows to
characterize translucent materials, where light leaves the surface at another point as
it entered. Fluorescence and Phosphorescence add even more dimensions (wavelength
λ and time t). Summing up, the complete 12 dimensional scattering function looks
as follows: fr (θi , φi , θo , φo , xi , yi , xo , yo , λi , λo , ti , to )
|
|
|
|

{z

BRDF

}
{z

}

BSSRDF

{z

Fluorescence

{z

Phosphorescence

}
}

2.3. Linear Least-Squares Optimization
When a linear combination of basis materials is used for the BRDF model, fitting the
model to measured data results in a linear least-squares optimization. In this case,
the model consists of K weighting coefficients and should be fitted to M measured
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function values. However, an exact solution does not exist, because K < M . Instead,
the solution that best approximates the data is searched.
A linear system of equations has the following form:
K
X

aj xij = bi , i = (1, 2, ..., M ) .

(2.9)

j=1

The system is called overdetermined if there are more (linear independent) equations
than unknowns, i.e., if M > K. As there is no exact solution, the solution coefficients
aj that minimize the squared difference between the observations bi and the function
P
values K
j=1 aj xij can be calculated, leading to the best fit in least-squares sense.
This means to minimize the following function:
E(a) =

M
X

|bi −

i=1

K
X

aj xij |2 .

(2.10)

j=1

In matrix notation, this corresponds to the squared L2 norm of the residual vector r:
krk2 = kb − Axk22 ,

(2.11)

where A ∈ RM ×N and b ∈ RN . The function E is minimal when its gradient vector
is zero, leading to the following direct solution
x̂ = (AT A)−1 AT b ,

(2.12)

where (AT A)−1 AT is called the pseudoinverse.
Non-negative linear least-squares Often there are additional constraints which
the solution vector x should satisfy. One such constraint is that its elements must
not be negative. The problem has the form
arg minkb − Axk22 subject to x ≥ 0 .
x

(2.13)

An iterative algorithm to compute x is given in [LH74]. On initialization, x is set to
0. Then, in each iteration, the elements of x are successively updated by solving a
linear least-squares problem with all elements computed so far and one new element.
If an element becomes smaller than or equal to 0, the problem is slightly adjusted
by setting conflicting elements of x to zero. As the authors show, the algorithm is
guaranteed to converge to a solution.

2.4. Multiple Model Estimation
A surface consisting of multiple materials has a spatially varying BRDF. It is not
sufficient to estimate parameters for a single BRDF model, as these parameters
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vary from point to point. Therefore, techniques to estimate multiple models from a
collection of noisy data points can be used. Fig. 2.3 illustrates this problem by means
of line fitting. The arrangement of the data points indicates three models for which
the parameters should be estimated. The algorithm proposed in [ZK07] estimates
these models by analyzing histograms of residuals generated from a RANSAC-like
sampling process.

r

Figure 2.3.: Fitting multiple lines to noisy data points. Left: the data points (red) indicate
three models (green). Right: the residual histogram for an arbirtrary point
contains modes for the models.

Let xi be the measured data points with i = (1, 2, ..., L), corrupted by noise and
a small amount of outliers. These data points are generated from M models, each
model is parameterized by its parameter vector pj , j = (1, 2, ..., M ). Given the data
points, the objective is to find the number of models M and their parameters pj .
The algorithm operates in two steps: hypotheses generation and evaluation.
In the first stage, N hypotheses are generated. From all data points, a minimum
number of points needed to instantiate a model are randomly selected. With these
points, the hypothesis is formed and verified by calculating the residuals rij for each
data point. Then, the residuals are stored and the next set of random points is
selected to generate a new hypothesis. After N iterations, the first stage has finished.
In the second stage, the hypotheses are analyzed to create the true models. First,
at each point a histogram is created from the residuals at that point. By analyzing
these histograms, the number of models can be estimated. Hypothetical models
that explain a significant amount of data points form modes in the histograms. In
the line fitting example in Fig. 2.3, the residual histogram at point i = 1 shows
three large modes that correspond to the three true models found in the data
points. However, there is a large number of smaller modes that have to be ignored.
Therefore, a few processing steps described in [ZK07] are necessary for a robust
estimation of M . The final number of models is then the median number of modes
of all histograms. Afterwards, the “best” histogram according to some criterion is
chosen and the hypotheses corresponding to the modes are determined. However,
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multiple hypotheses correspond to a mode. Besides a cluster of “good” hypotheses
that describe the data point, there are other random models that also have the same
residuals. By the help of the histogram of another data point, the “good” hypotheses
can be separated from the “bad”. Finally, the true models are extracted from the
“good” hypotheses.

2.5. Rendering Equation
The rendering equation describes the propagation of light in an environment. It
defines the outgoing radiance Lo (x, ωo ) at a surface point as the sum of emitted
radiance and reflected radiance [ICG86]:
Lo (x, ωo ) = Le (x, ωo ) +

Z

fr (ωi , x, ωo ) Li (x, ωi ) (ωi · n) dωi .

(2.14)

Ω+

The reflected radiance is given as the integral over all incident directions on the
upper hemisphere Ω+ . The incident radiance Li (x, ωi ) has to be multiplied with the
BRDF fr (ωi , x, ωo ) and the cosine of the angle between surface normal n and ωi
(cos θi = ωi · n). When dealing with global illumination, the incoming radiance is
equal to the reflected radiance at another surface point in the scene. This makes
the evaluation of the rendering equation complicated, as in order to compute the
outgoing radiance at one point of a surface, the outgoing radiances of all visible
surfaces in the scene have to be known recursively. The rendering equation can be
solved with algorithms based on Monte-Carlo integration, like (Bidirectional) Path
Tracing or Metropolis light transport [Vea98].

2.6. Environment Mapping
Environment mapping is a technique to approximate the lighting of objects in a
scene. Under the assumption that the illumination is distant, the incident light at a
point can be precomputed for each surface normal direction and stored in a texture
[BN76]. With distant lighting, the incident illumination at a point does not vary
with the position of the point in 3D space, but only with the normal of the surface
at this point (for simplicity, self-shadowing and self-reflection is ignored). The object
is then illuminated by looking up one or more pixels in the environment map. The
environment map can be seen as the texture of a large sphere surrounding the object.
In terms of the rendering equation, the process is formulated as
Lo (x, ωo ) =

Z

fr (ωi , x, ωo ) Li (ωi ) cos θi dωi .

(2.15)

Ω+
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In this case, Li (ωi ) is the environment map. If the object is perfectly mirror-like, the
integral will be zero except for a single angle dωi , so only a single pixel has to be
looked up. In other words, the object reflects the ray from the eye into the surrounding
sphere with the environment map (see Fig. 2.4). The pixel at the intersection point
determines the color of the reflection.
environment map

eye
n
object

Figure 2.4.: The eye ray reflected at the object hits the surrounding sphere at a specific point.
The corresponding pixel in the environment map is looked up and used to shade
the object.

For diffuse objects or objects with complex specular BRDFs, the integral has to be
evaluated. In the diffuse case, the BRDF is constant. Therefore, the integral does
not depend on the outgoing direction ωo , but only on the surface normal. Thus, the
environment map can be pre-filtered, i.e., for each normal direction the irradiance is
stored in a texture E(n):
Z

E(n) =

Li (ωi ) cos θi dωi .

(2.16)

Ω+

The texture is called irradiance environment map [RH01b]. The normal
n = (sin θ cos φ, sin θ sin φ, cos θ)T

(2.17)

and ωi are given in global coordinates. Usually, the environment map Li (ωi ) is given
in global coordinates, but the integration is performed in the local coordinate system
of the surface. From now on, local coordinates are indicated by primes. Consequently,
with a rotation operator Rn that translates from local coordinates ωi0 to global
coordinates ωi , the irradiance becomes
E(n) =

Z
Ω0+

14

Li (Rn (ωi0 )) cos θi0 dωi0 .

(2.18)

2.7. Spherical Harmonics
The integral descibes a convolution of the environment map Li with cos θi0 , resulting
in the irradiance environment map E(n). In the rendering process, only the pixel in
the texture that corresponds to the normal at surface point x has to be looked up:
Lo (x, ωo ) =

ρ
E(n) .
π

(2.19)

Extending this technique to complex BRDFs is complicated, as the integral depends
on n and ωo and so a 4D texture would have to be stored, resulting in large memory
requirements.
The reflected light from a diffuse surface varies slowly with respect to the normal.
Therefore, an irradiance environment map E(n) has only very low-frequency contents.
This property can be exploited to compress E efficiently.

2.7. Spherical Harmonics
Spherical harmonics are a set of orthonormal basis functions Ylm defined on the
sphere, with l ≥ 0 and −l ≤ m ≤ l [RH01b]:

Ylm (θ, φ) =

√

 2Klm cos(mφ)Plm (cos θ)


K P (cos θ)

l0 l0


√2K sin(|m| φ)P
lm
l|m| (cos θ)

if m > 0
if m = 0 ,
if m < 0

(2.20)

where Plm denote the Associated Legendre polynomials and Klm are normalization
constants:
s

Klm =

(2l + 1)(l − |m|)!
.
4π(l + |m|)!

(2.21)

When written in Cartesian coordinates, they form polynomials of (x, y, z) with degree
l:
1
Y00 (θ, φ) = √
2 π
√
3
Y1−1 (θ, φ) = √ y
2 π
√
3
Y10 (θ, φ) = √ z
2 π
√
3
Y11 (θ, φ) = √ x
2 π
...

(2.22)
(2.23)
(2.24)
(2.25)
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A function f (θ, φ) can be represented as a linear combination of the basis functions
Ylm (θ, φ) with weightings flm :
f (θ, φ) =

∞ X
l
X

flm Ylm (θ, φ) .

(2.26)

l=0 m=−l

The coefficients flm can be obtained by projecting the function f (θ, φ) onto the basis
functions:
flm =

Z2πZπ

f (θ, φ)Ylm (θ, φ) sin θ dθdφ .

(2.27)

0 0

Spherical harmonics can be used to compress irradiance environment maps. It has been
shown that reasonable approximation can be achieved with only 9 coefficients (0 ≤
l ≤ 2) [RH01b]. Furthermore, the convolution in Eq. (2.18) becomes a multiplication
in spherical harmonics domain (analog to the Fourier domain), which makes the
rendering very efficient. In the following, a brief overview of the rendering with
spherical harmonics is given, for a more complete explanation see [RH01a].
The environment map L(n) and the cosine term A(θ0 ) can be represented in the
spherical harmonics basis:
L(θi , φi ) =

∞ X
l
X

Llm Ylm (θi , φi )

(2.28)

l=0 m=−l

A(θi0 )

=

max(cos θi0 , 0)

=

∞
X

Al Yl0 (θi0 ) .

(2.29)

l=0

A has no azimuthal dependence, so φ can be omitted and only m = 0 is required.
Furthermore, A(θi0 ) has to be 0 over the lower hemisphere where cos(θi0 ) < 0, so
the values are clamped to 0. The values for Al are given in [RH01a]. The rotation
operator Rn also has to be expressed in the new basis:
Rn {Ylm (θi0 , φ0i )} =

l
X

l
0
0
D̃mm
0 (n)Ylm0 (θi , φi ) ,

(2.30)

m0 =−l

q

4π
l
with D̃mm
0 =
2l+1 Ylm (θ, φ). This describes how a rotated spherical harmonic in
level l is rewritten as a new linear combination of spherical harmonics of the same
l
level, only the indices m have changed. Dmm
0 are the coefficients for the rotated
spherical harmonics. Only the coefficients for m0 = 0 are of interest here, as the other
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terms will vanish later. E(θ, φ) can then be written as
E(n) =

Z2πZπ X
∞ X
l

Llm

=

l=0 m=−l

∞
X

An Yn0 (θi0 ) sin θi0 dθi0 dφ0i

n=0

(2.31)

l
∞
X
X
m0 =−l

l
0
0
D̃mm
0 (n)Ylm0 (θi , φi )

m0 =−l

0 0 l=0 m=−l

∞ X
l
X

l
X

l
Llm D̃mm
0 (n)An

n=0

Z2πZπ

Ylm0 (θi0 , φ0i )Yn0 (θi0 ) sin θi0 dθi0 dφ0i .

0 0

(2.32)

Due to the orthonormality of the basis functions, Ylm0 (θi0 , φ0i )Yn0 (θi0 ) will be 1 if
l = n ∧ m0 = 0 and 0 otherwise. So what remains is
E(n) =

∞ X
l
X

l
Llm D̃m0
(n)Al .

(2.33)

l=0 m=−l

To sum up, the irradiance of a surface point with normal n is calculated in the
following way:
E(n) =

∞ X
l
X
l=0 m=−l

s

4π
Llm Al Ylm (θ, φ) .
2l + 1

(2.34)

As Ylm (θ, φ) is a polynomial function in Cartesian coordinates, rendering means to
solve a quadratic (9 coefficients) or linear (4 coefficients) polynomial of the surface
normal. Furthermore, the coefficients Llm are calculated from the environment map
L(θ, φ) by solving the following integral:
Llm =

Z2πZπ

L(θ, φ)Ylm (θ, φ) sin θ dθdφ .

(2.35)

0 0

Solving the integral means to sum up all pixels in the environment map and weight
them according to the spherical harmonics basis functions and the solid angle
subtended by the pixel. For RGB environment maps, this is done for each channel
separately, so for each color channel there are 9 coefficients for l = 2.

2.8. Homography Decomposition
A homography describes the transformation between two views of a planar surface
in space, assuming a pin-hole camera model. It captures the motion that a camera
performed between two frames. Once a homography has been estimated, it can be
decomposed into translation and rotation to build a 3D model of a scene.
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Let pp = (xp , yp , 1)T and p0p = (x0p , yp0 , 1)T be vectors containing the normalized
projective coordinates of two relating points in the reference view F and current
view F 0 , respectively. These coordinates are the projections of the 3D point p onto
the image planes in both camera spaces. The 3 × 3-matrix H that transforms pp
into p0p up to a scale factor w is called homography matrix:
w p0p = Hpp .

(2.36)

H can be estimated from the image by matching a minimum of 4 coplanar points,
as there are 8 unknowns. It can then be decomposed into components R, t, n:
H =R+

tnT
,
d

(2.37)

where R is a rotation matrix, t is a translation vector, n is the normal of the plane
and d is the distance to the plane (see Fig. 2.5). There are a number of numerical
and analytical methods to decompose H. For more details see [MV07].
n

p

d
pp
p0p

F

R, t

F0

Figure 2.5.: Elements involved in homography decomposition. Point p on the plane with
normal n is projected onto pp and p0p in views F and F 0 . The cameras are related
by rotation matrix R and translation vector t.
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3. Related Work
3.1. Measuring BRDFs
Accurate measurement of BRDFs is traditionally performed with active approaches,
where lighting and sensor/camera position can be actively controlled. Contrarily,
in passive approaches, lighting and camera position cannot be altered, instead the
reflectance is recovered from given images of a scene.
A simple active approach to measure a BRDF is a gonioreflectometer [WSB+ 98]. As
the measurement with such devices is very time consuming, a number of image-based
techniques were proposed. In order to sample a large number of directions of a planar
surface with a single image, Ward uses a curved mirror [War92]. Otherwise, if the
surface is curved, a mirror is not necessary, but the geometry of the object has to
be known. In this case, the BRDF of cylindric surfaces or spheres [MWLT00] and
even arbitrary convex surfaces [MWL+ 99] can be measured. However, these methods
work on homogeneous surfaces only.
In order to measure spatially varying BRDFs in a reasonable time, Lensch et al.
utilize the fact that in many cases surfaces consist of only a small set of basis
materials [LKG+ 03]. By exploiting the coherence of surface points belonging to the
same material, they recover the basis materials of an object with known geometry
and assign a weighted combination of these basis materials to each surface point.
Afterwards, the normals are refined with the help of the recovered BRDFs to add
geometric detail that was lost during the initial range scan.
In passive approaches, lighting and camera position cannot be altered, instead the
reflectance is recovered from given images of a scene. There are various approaches
for the different combinations of input data: single or multiple views with varying
viewpoint or lighting, known or unknown, static or varying illumination, single pointlight illumination or complex natural illumination, known and unknown geometry.
Haber et al. estimate the reflectance of a scene with known geometry from multiple
images with varying, unknown illumination [HFB+ 09]. The inverse rendering is
formulated as an optimization process using a system of bilinear equations. It is solved
iteratively by alternating between the estimation of reflectance and illumination. The
BRDFs are represented as a linear combination of basis BRDFs. For fast computation
the optimization operates in the Haar-wavelet basis [NRH04].
Similarly, Romeiro and Zickler use bilinear equations as likelihood in a probabilistic
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approach to recover the reflectance of a homogeneous surface from a single image
with unknown illumination [RZ10]. In this case, it is difficult to avoid a solution
where the material acts like an ideal mirror and the observed reflection is projected
onto the environment. By exploiting statistics of natural lighting, this solution is
avoided. The basis functions used for the BRDFs are learned via non-negative matrix
factorization of the entire MERL BRDF database [MPBM03a].
In contrast to the previous approaches, Goldman et al. estimate surface reflectance
properties and normals from multiple images with fixed viewpoint but different
illumination conditions [GCHS10]. Again, it is assumed that the BRDF at a point is
composed of several fundamental materials, in this case modeled by a Ward BRDF
[War92]. In an iterative process, the parameters of the fundamental BRDFs, the
normals and material weight maps are updated.
The fact that surfaces of objects are often composed of a few basis materials is further
investigated by Weistroffer et al. [WWHL07]. In their work, the BRDF at each
surface point is composed of a weighted sum of materials, which are formed of several
basis BRDFs. They describe a technique which decomposes scattered measurements
into blending weights assigned to each point and weights for the basis BRDFs.
More complex scenes demand for the inclusion of effects from global illumination
and shadows. Yu et al. recover the reflectance properties of surfaces in a small indoor
scene from multiple images captured from varying viewing points, known geometry
and lighting [YDMH99]. The algorithm detects specular highlights and uses these
locations to update the parameters of a Ward BRDF model iteratively.
An example for recovering geometry and reflectance of large outdoor scenes is given
by Debevec et al. [DTG+ 04]. They created a relightable model of the Parthenon
from range scans and photographs captured under natural, known illumination. A
Monte-Carlo global illumination algorithm is used for the inverse rendering task. A
small number of BRDFs with distinct diffuse colors is measured under controlled
point-light illumination and fitted to a Lafortune [LFTG97] model. Based on the
diffuse color observed in the images, the per-point specular component is interpolated
from the measured BRDFs.

3.2. Normal Reconstruction and Shape From Shading
All approaches listed above share the assumption that the geometry of the scene is
known or can be computed via Photometric Stereo as in [GCHS10]. Photometric
stereo was introduced by Woodham [Woo80] as a technique to reconstruct the shape
of a Lambertian surface from images taken under varying point-light illumination.
If the lighting is static or only a single image is given, shading information can be
exploited to recover normals. This problem is named shape-from-shading.
Shape-from-shading is an ill-posed problem that can be solved for example via energy
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minimization with smoothness constraints, such as proposed by Ikeuchi and Horn
[IH89]. In a survey Zhang et al. compare several shape-from-shading algorithms
[ZTCS99]. These algorithms assume surfaces with Lambertian reflectance and distant
illumination from a known direction as input data. In their conclusion they note that
all algorithms produce poor results for synthetic data as well as real-world scenes.
More recent work takes more information into account. Prados and Faugeras demonstrate that if a pin-hole camera model and a light source at the optical center is
assumed, shape from shading can be modeled as a well-posed problem [PF05]. Vogel
et al. extend this model by incorporating the Phong reflection model to account for
non-Lambertian surfaces [VBW08].
Other work tries to resolve the ill-posedness by user interaction. In the method
proposed by Wu et al., the normals corresponding to high-frequency details are
estimated by an automatic minimization approach. Afterwards, the low-frequency
components are specified by the user [WSTS08].

3.3. Intrinsic Image Decomposition
In order to estimate normals, the shading of a scene has to be known. Intrinsic
image decomposition tries to separate images into albedo and shading information,
resulting in an albedo image that shows only the diffuse color of the surfaces and
a shading image that shows only the influence of the light sources on the surfaces.
If only a single image is given, this task is inherently ill-posed, as one tries to
recover two images from one. Therefore, the decomposition has to be based on a few
assumptions. For Mondrian images (composed of patches with constant reflectivity),
the reflectance is constant within a patch and the shading varies smoothly. Thus,
isolating sharp edges keeps reflectance information and removes shading [Hor86].
Similarly, large derivatives in the chromaticity channel of color images can be used
as an indicator for reflectance, as proposed by Funt et al. [FDB92]. In real-world
scenes, these assumptions often do not hold and more complex classification schemes
for edges were developed. Tappen et al. train a classifier that distinguishes shading
from reflectance edges by their surrounding gray-scale pattern [TFA05]. Shen et al.
use local texture information to group pixels that most likely have the same shading
[STL08].

3.4. Combinations
This work deals with the problem of automatically recovering both normals and
spatially varying reflectance from real-world photographs of planar objects and
a captured environment map. Therefore, intrinsic image decomposition, normal
reconstruction and BRDF estimation have to be combined. This is similar to the
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AppGen system of Dong et al. [DTPG11], however, they use a single input image
with unknown illumination. Therefore, they have to rely on user interaction in
certain steps to refine the automatically generated results. Furthermore, they do
not recover the specular component of the BRDF, instead the user has to choose
the optical properties of the materials from a database of BRDFs. From the input
image, they remove highlights by thresholding and retrieve diffuse shading as well
as reflectance by an optimization process. The process is based on two assumptions:
pixels in a local region with the same chromaticity share the same reflectance (local
albedo assumption) and all pixels in a local region have the same shading (local
shading assumption). Regions where this assumption is violated are refined by user
interaction. Afterwards, the user specifies the lighting direction and the normals are
reconstructed with an algorithm based on [WSTS08], but enhanced to recover more
high-frequency normals. In the last step, the user selects small regions of constant
specular reflectance and chooses the corresponding BRDFs. A combination of these
basis BRDFs is then automatically assigned to the remaining pixels.
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In this work, a system is presented for reconstructing normals and spatially varying
BRDFs of planar surfaces from two images and incident illumination. The lighting is
assumed to be distant, and apart from that, self-shadowing and inter-reflections are
ignored. Basically, a solution to the inverse rendering problem is searched:
Lo (x, ωo ) =

Z

fr (ωi , x, ωo )Li (ωi )(ωi · n)dωi .

(4.1)

Ω+

For each surface point xi , two measurements Lo (xi , ωo0 ) and Lo (xi , ωo1 ) are given,
because the point is observed from different angles in the two images. Furthermore,
the incident illumination Li (ωi ) is known. The task is to determine normal n and
BRDF fr (ωi , x, ωo ) for each point. Depending on the BRDF model, fr has for
example 7 unknowns per pixel: diffuse color, specular color and a coefficient to
control the shape of the specular lobe (roughness parameter). Besides, there are three
unknowns for normal n, or two if the normal is expressed in spherical coordinates.
All in all, there are more unknowns than knowns, so the problem is ill-posed and
cannot be solved independently for each point. Therefore, it is necessary to find and
utilize some coherence between points. This chapter provides the basic ideas of this
work and gives an overview of the steps necessary to reconstruct normals and BRDFs
(see Fig. 4.1).

4.1. Image Capturing and Scene Reconstruction
The process of capturing images should be as simple as possible. A plane surrounded
by markers is captured from two or more different locations with a dynamic range
that is sufficient to include all lighting effects. Afterwards, the incident illumination
is captured at the center of the plane using a fish-eye lens. Furthermore, the user has
to provide the size of the plane as well as the size of the environment, approximated
by a sphere surrounding the plane. This means that the radius of the sphere has to
be specified.
In the first step, a 3-dimensional representation of the scene is built from the captured
images. The normal of the plane and the camera position in each view is estimated by
exploiting the homography between the images. Afterwards, the incident illumination
captured with a fish-eye lens is aligned to the views and stored in an environment
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Reconstruct
3D scene

Remove spec.
highlights

(SV)BRDF
estimation

Extract
diffuse shading

Shape from
shading

Normal map

(SV)BRDF

Figure 4.1.: Steps to estimate normal map and (spatially varying) BRDF. Diffuse shading
information is used to estimate the normal map. BRDF estimation can either
incorporate the normal map or assume a fully planar surface.

map. The reconstructed scene now contains all geometrical information necessary to
estimate normals and BRDF.

4.2. Normal and BRDF Estimation
According to Eq. (4.1), the observed pixels in the images are the result of an
integration in which normal direction and BRDF are combined. Now, this combination
should be factorized into its individual parts. For this purpose, the integral is split
into diffuse and specular contributions. Now, the two images can be described by its
intrinsic images with the following equation [GJAF09]:
Ii (x, y) =

ρ(x, y)
E(x, y) + Ci (x, y) ,
π

(4.2)

where Ii (x, y) is the color at pixel (x, y) in the i-th image, ρ(x, y) is its albedo,
E(x, y) is the irradiance and Ci (x, y) is the specular term. E and Ci are influenced
by the normal direction, so information about the normal is contained in E and Ci .
However, Ci is only present if the BRDF has significant specular contribution and if
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light sources are reflected from the surface into the camera. Typically, this is only
the case on small regions in the images. For this reasons, E is used to reconstruct
normals of the surface. Images Ii are decomposed into their intrinsic images to obtain
an approximation of E. The decomposition algorithm is specifically designed to
handle textured surfaces with high-frequency normals. Using the approximated E,
the normals at each surface point are estimated and stored in a normal map. An
algorithm to reconstruct normals from diffuse materials under arbitrary illumination
is introduced. It makes use of the fact that the environment can be represented by
low-order spherical harmonics. This allows to formulate the reconstruction problem
as a system of linear equations.
BRDF estimation is performed by fitting a BRDF model to the observations. In this
work, the BRDF is represented by a linear combination of basis materials, so linear
least-squares fitting can be used. This representation shares advantages of analytic
and data-driven models. Like most analytic models, a BRDF can be represented by
a small number of coefficients, which results in low storage requirements, especially if
the BRDF is spatially varying. Furthermore, it is convenient in optimization, because
only a few coefficients have to be estimated. On the other hand, flexibility is similar
to data-driven models, as the range of representable materials is only limited by the
basis functions.
The estimation is performed in a two-step process. At first, for each basis material
the plane is rendered under the captured illumination. Then, the difference between
a linear combination of the rendered planes and the captured images is minimized,
i.e., the BRDF is estimated by linearly interpolating between the rendered planes.
Rendering is performed by Monte-Carlo integration. To speedup the process, the
basis materials are expressed as Ashikhmin-Shirley BRDFs. Therefore, it is possible
to generate samples according to the probability distribution of the BRDF.
If each surface point belongs to the same BRDF because the material is homogeneous,
all points can be used in the optimization. This means that a large number of
measurements is available to estimate a single BRDF. However, if the BRDF is
spatially varying, the problem will become more complex. As mentioned earlier, a
single point is not sufficient for estimation. In this work, two approaches to deal with
spatially varying BRDFs are presented.
In the first approach, the surface is clustered into regions of pixels sharing the same
BRDF. It is assumed that each point corresponds to exactly one BRDF. Clustering is
performed by analyzing residuals of hypotheses generated by a RANSAC-like random
sampling process.
The second approach makes use of Eq. 4.2 to independently estimate diffuse and
specular components of the BRDF. While a single point of a diffuse material contains
enough information to reliably measure its albedo, this is not the case for specular
materials. The shape of the specular lobe, i.e., its roughness, can only be estimated if
multiple points are taken into account. Based on this fact, it is shown how to extract
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albedo (per-pixel information) and specular parameters shared by all pixels. Diffuse
and specular regions on the plane are detected by examining differences between the
captured images, as the observed color values will only vary for specular materials
(assuming appropriate lighting conditions).
The following chapters discuss the algorithms to form a 3-dimensional representation
of the scene, decompose intrinsic images, reconstruct normals, and estimate spatially
varying BRDFs in more detail. Each chapter contains discussion and evaluation,
showing possibilities and limits of the approaches. Examples are given for synthetic
and real-world data sets.

4.3. Problems
There are some problems that can occur when dealing with photographs, especially if
they are captured with mobile devices. Specular materials exhibiting highlights have
a large dynamic range that has to be captured entirely to reconstruct the specular
lobe as well as subtle changes in albedo at non-highlighted regions. The same applies
to environments, which typically have an even larger dynamic range. Ideally, multiple
images at different exposures are captured and merged. However, under low-lighting
conditions, images suffer from noise. Therefore, the estimation algorithms have to
be insensitive to noise. Another challenge is the imperfect calibration, particularly
the relationship between views and environment. If the environment is not captured
perfectly in the middle of the plane or the device is slightly rotated or tilted, the
computed reflection does not match the reflected light in reality. The same happens if
the environment can not be approximated by a sphere or if the estimated homography
is not exact. Consequently, the system has to correct such errors.

4.4. Notes on Evaluation
The techniques presented in the following sections are evaluated with both synthetic
and real scenes. Synthetic scenes are rendered using Monte-Carlo sampling and
distant illumination from an environment map. Real scenes are captured with an
NVIDIA Tegra prototype tablet running Android. It has a 1080p front-facing camera
and two 5 MP back-facing cameras for stereo imaging. An inexpensive fish-eye
adapter is attached to the front-facing camera. Only a single back-facing camera is
used at the moment because of limited image resolution in stereo mode, so the two
images needed for estimation are taken one after another. As the FCam library is
available on the tablet [TPP12], most camera parameters can be controlled manually
(exposure, ISO value, focus, and white balance). Furthermore, all high dynamic range
images shown in this work are tone-mapped with f (c) = c/(c + 1), c = (r, g, b) (pixel
color) and the brightness is adjusted to ensure that all details are visible.
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After acquiring the images with a camera, the first step is to reconstruct a 3D scene.
The images have to show at least two views of the scene, for example taken with
a stereo camera in a single shot. For flexibility, it is not necessary to use a stereo
camera. Two shots from slightly different viewpoints are sufficient.
Furthermore, the incident illumination at each surface point has to be known. Using a
fish-eye lens with an 180◦ angle of view, the whole upper hemisphere can be captured
in one shot. However, due to parallax effects, the incident illumination is different for
each point, so ideally one image of the upper hemisphere per surface point is needed.
Fortunately, if a small surface is located in a huge environment, it is feasible to
assume that the incident illumination is constant for each point, therefore capturing
it from a single point should be sufficient. An example for the three images necessary
to reconstruct the scene and estimate a BRDF are shown in Fig. 5.1. The overall
process to reconstruct the scene consists of the following steps:
1. Generate high dynamic range images
2. Find correspondences using feature points or markers and estimate homography
3. Decompose homography
4. Extract textures
5. Build environment map
6. Convert environment map to spherical harmonics representation

(a) environment

(b) image 1

(c) image 2

Figure 5.1.: At least three images are necessary to reconstruct the scene geometry and
estimate the BRDF: the incident illumination captured with fish-eye lens and
two images of the plane.
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ach

5.1. Generate High Dynamic Range Images
For an ideal estimation of the BRDF, the images have to capture the whole dynamic
range of the scene. In the prototypical implementation, the high dynamic range
(HDR) images of real scenes are reconstructed from several photographs with different
exposures [RHP+ 10]. For calibration and HDR image generation, pfstools [MKMS07]
is used. Furthermore, the images are captured without a tripod and need to be aligned
before HDR generation. This task is accomplished by align_image_stack from the
Hugin project [D’A]. Note that taking multiple images with different exposure times
is only necessary if it is not possible to capture the whole dynamic range within a
single image.

5.2. Estimate Homography
In order to estimate the eight unknowns of the homography matrix, the coordinates
of four corresponding points in both images have to be known [MV07]. This problem
is known as “correspondence problem”, where a set of points in one image has to be
found in the other image. For a homography, the points have to be coplanar, i.e.,
they have to lie in the same plane. Typically, corresponding points are detected via
feature-based algorithms. A feature-detector is used to find salient image points in
both images and extract a descriptor vector at their locations (e.g., SIFT [Low99]).
Then, the features of one image are matched with the features in the other image,
leading to several correspondences.
However, this only works for textured surfaces where feature points can be found.
In mostly homogeneous regions, the algorithm will fail. To overcome this problem,
markers can be placed onto the surface. If four unique markers are used and if all of
them are visible in both images, it will be easy to extract their image coordinates and
use them to estimate the homography. In the prototypical implementation, the 2D
coordinates of four markers or point correspondences have to be supplied manually
by the user. The points are not only used to estimate the homography, but also
to define the bounding box on the plane in which the spatially varying BRDF is
estimated.
0

The markers are located in the images at coordinates xIi and xIi . With the intrinsic
camera parameters in matrix K, the coordinates on the image plane in the camera
coordinate system can be calculated:
−1 I
xC
xi
i =K
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0

−1 I
xC
xi .
i =K

(5.1)

5.3. Decompose Homography
The intrinsic parameters of the camera have to be known from calibration. This
implementation relies on the algorithm from the open-source computer vision library
OpenCV v2.31 [Bra00] to find the camera matrix and distortion coefficients.
The homography matrix H is estimated by solving the linear system of equations
up to the unknown scale factor w:
0

C
w xC
i = Hxi .

(5.2)

5.3. Decompose Homography
Afterwards, H is decomposed into R, t and n with the decomposition algorithm of
[MV07]. This yields four possible decompositions, two of them can be eliminated by
taking into account that all the points have to be in front of the camera. In order
to choose from the remaining two solutions, either a fifth marker or some heuristic
has to be applied, as both solutions are perfectly valid for the four markers. In
this implementation, the solution with the smaller rotation angle is chosen, as the
viewpoints are either near to each other or from a stereo camera with no rotation at
all. In case the heuristic fails, it is possible to choose the correct solution manually.
The position and rotation of the cameras are then transformed to world space. For
simplicity, the local coordinate system of the first camera is defined as world space,
so the first camera is always located at (0, 0, 0)T . Fig. 5.2 shows the geometry of the
scene.
Plane

o

n

d
y
z
x
Camera 1

Camera 2

Figure 5.2.: Reconstructed scene. The first camera defines the coordinate system of the world.
The z-axis intersects the plane at o and with distance d from the center of the
first camera. The markers (red dots) define the bounding box of the region for
which the BRDF is estimated.
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5.4. Extract Texture
In order to estimate the BRDF, the outgoing radiance Lo (x, ωo ) has to be measured
for each point on the surface. The radiance corresponds to a single ray originating
from the surface at point x and directed towards the optical center of the camera.
Thus, the points on the surface are discretized and for each point on the grid, the
radiance is extracted from the images captured by the cameras. Once the 3D world
space coordinates of the surface points are known, the associated pixel coordinates
in each image can be computed.
When camera poses and plane normal are known, the positions of the four marker
points can be calculated. Thus, for each marker, rays are shot from the origins of
the cameras through the points on the image plane. The 3D coordinates of the
intersection point determine the 3D coordinates xi of the marker in world space.
Now, the normal n = (nx , ny , nz ) and four points xi of the plane are known, and for
further calculations, the origin o of the plane is defined as the point where the plane
intersects the z-axis in world space. With one of the four points, the distance d of the
plane to the origin of the world coordinate system can be calculated (d = n · xo ).
Then, the plane intersects the z-axis at the point o = (0, 0, d/nz )T . In addition, the
basis vectors of the plane u and v are generated based on the normal and the marker
points. As mentioned earlier, the markers define the region that has to be analyzed.
As the markers probably do not define a perfect rectangle, the bounding box of the
markers on the plane is used as region boundaries.
From the pixels included in this bounding box, an image Ik (x, y) is created that
contains the radiance of the surface points measured from camera k. This is done by
sampling the surface uniformly in directions u, v and identifying the corresponding
pixel in the camera image. The pixel values are linearly interpolated if necessary.
Additionally, for each pixel in Ik (x, y) the direction of the ray from surface point to
camera center is stored.
The result of this step is one image per camera with each pixel corresponding to the
radiance from a single (discretized) surface point and its associated direction (see
Fig. 5.3 for an example).

Figure 5.3.: Extracted textures of the plane from the captured images shown in Fig. 5.1.
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5.5. Build Environment Map
In the scene, the incident lighting is represented by an environment map parameterized
in latitude-longitude format (equirectangular projection, see Fig. 5.4). The incident
illumination Li (ωi ) is captured with a fish-eye lens, which measures the whole upper
hemisphere in a single shot. In the prototypical implementation, it is assumed that
the camera is placed onto the surface before taking the picture, thus ensuring a
measurement that is as best as possible. In this case, the fish-eye’s optical axis
points in the direction of the surface normal. Camera and lens are calibrated using
OCamCalib v2.0 (Omnidirectional Camera Calibration Toolbox for Matlab) [SMS06].
For a calibrated setup, the library provides functions that convert between world
space coordinates and camera coordinates.

θ

φ
Figure 5.4.: Full environment map in latitude-longitude format (− π2 ≤ θ ≤

π
2,

0 ≤ φ ≤ 2π).

For all synthetically generated images, a fish-eye lens with equisolid angle projection
is simulated. This has the advantage that the solid angle subtended by all pixels is
equal. The distance r of a point from the image center is calculated with the following
formula, given the focal length f and the angle from the optical axis θ0 :
r = 2f sin

θ0
.
2

(5.3)

The radius of the entire circular region in the image corresponds to an angle of
θ0 = 180◦ , leading to a focal length of f = √12 .
For synthetic and real scenes, the fish-eye image is converted to the spherical environment map in the following way. First, the fish-eye image is downscaled to match
the resolution of the environment map, i.e., for an environment map with size w × h,
the image is downscaled to w/2 × h. Then, for each pixel (θ, φ) of the environment
map, the corresponding pixel in the fish-eye image is determined by projecting the
environment map pixel into the fish-eye image. The value is copied via point sampling.
It is important that the fish-eye image is properly downscaled to nearly the same
resolution as the environment map, because otherwise the simple point sampling
could miss small light sources.
Generally, the environment is assumed to be distant, so the incident illumination
is the same at each surface point. In other words, a ray from the camera hits a
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surface point xi , but (for mirroring materials) is reflected from the center point
xc of the surface. This assumption is approximately correct, especially if a small
surface is located in a large environment. However, this is not always the case. If
the environment can be approximated by a sphere and the size of the region on the
plane as well as the radius of the sphere is known, a simple correction can improve
the results. As illustrated in Fig. 5.5, instead of directly using direction d, a ray
originating at the surface point is intersected with the sphere from the environment.
The corrected vector dc is then used to look up the incident illumination in the
environment map.

dc d
xi

xc

Figure 5.5.: Off-center reflection vector correction.

5.5.1. Handling Imperfect Calibration
The alignment of the environment is a critical factor that has large influence on the
quality of the estimated BRDF. If the captured images show a reflection of the light
source on the surface, it will be important that the reconstructed 3D scene allows to
render the bright spot at exactly the same position, otherwise the estimated BRDF is
too smooth. However, there are several sources of error, e.g., inaccurate homography
decomposition or slightly misplaced camera while capturing the environment. Perfect
calibration minimizes this errors at the cost of increased complexity. As it should be
possible to use hand-held photographs from mobile devices, complex calibration is
not possible. Instead, the alignment of the environment is improved by analyzing the
contents of the images.
At first, highlights are extracted from the captured views and the corresponding
light sources from the environment map. For the views, the algorithm described in
Sec. 8.2.2 is used. For the environment map, a threshold is chosen based on the
assumption that light sources are outliers in normal distributed data points. All
pixels with an intensity greater than two standard deviations from the mean of the
environment map are classified as light sources.
Afterwards, the surface is assumed to be a mirror and the scene is rendered with the
environment map. This allows to examine the rendered views whether the mirrored
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light source is at the same position as in the views captured with the camera. For
this purpose, the dot product between the pixels previously classified as highlight
on the surface or light source in the environment is computed, yielding a measure
for similarity between rendered and observed views. A high similarity indicates that
the environment is correctly aligned. The process is iterated with various values
for the parameters influencing the alignment of the environment. Actually, each
parameter that affects the scene has to be optimized. However, due to the great
number of parameters, this is a time-consuming process. Therefore, it was chosen to
only optimize the two coordinates that determine the center of the environment’s
sphere. Instead of being positioned directly in the center of the plane, it is moved on
the plane in small steps. This corresponds to moving the camera on the plane when
capturing the environment with the fish-eye lens.
Due to imperfect lenses and sensors, the intensities of the color channels can vary
from one camera to another. This will become a problem if different cameras are used
to capture views and environment map, e.g., back-facing and front-facing camera of
the device. In order to adjust the colors, a point on a diffuse white material has to be
specified. As the color at the point is known, it is possible to calculate a correction
factor that is applied to all scenes captured with these cameras.

5.6. Convert Environment Map
When estimating normals and BRDFs, it is sometimes necessary to calculate the
irradiance at diffuse surfaces. Sec. 2.7 describes irradiance environment maps and
their spherical harmonics representation as a method to handle such problems with
little computational effort. Therefore, in the final step of scene reconstruction, the
environment map is transformed into the spherical harmonics basis.
The computation is straightforward and follows Eq. (2.35). For each color channel,
the 9 coefficients Llm are computed from the environment map L(xθ , yφ ) in the
following way:
Llm =

w−1
X h−1
X
x=0 y=0

L(xθ , yφ )Ylm (xθ , yφ ) sin



πyθ
h−1



π 2π
,
h w

(5.4)

where Ylm (xθ , yφ ) are the basis functions in pixel coordinates.
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This chapter deals with the problem of reconstructing normal maps from a single
image and known illumination. The problem can be divided into two parts. At first,
the image is separated into albedo, diffuse shading, and specular shading. Next, the
diffuse shading can be used to estimate the normals of the surface. In the following,
an algorithm to extract diffuse shading from an image is presented. Afterwards, an
approach to estimate normals from diffuse shading is introduced.

6.1. Intrinsic Image Decomposition
As mentioned, normal reconstruction only works for images of objects with homogeneous diffuse BRDF, i.e., Lambertian objects. However, the BRDF of natural
materials exhibits complex spatially varying diffuse and specular appearance. As the
reflectance of such materials should be estimated in this work, this is clearly not
sufficient. Thus, the image or radiance Ii (x, y) has to be decomposed into its intrinsic
images: albedo ρ(x, y), diffuse shading or irradiance E(x, y) and specularity Ci (x, y)
(cf. Eq. (4.2)). For RGB images, the color at each pixel is described by a vector. In
order to simplify notation, the index i is dropped in the following description.
Extracting shading E(x, y) is an ill-posed problem. In the following, an approach is
presented that takes the specific circumstances into account in dealing with closeup images of materials on planar surfaces. This is in contrast to the approaches
discussed in Sec. 3.3, where mostly images of 3D objects or complex natural scenes
are considered.
Under the assumption that light sources and specular BRDF component are white,
the decomposition problem is slightly easier. Shading and specularity are no longer
vectors at a pixel, instead they become scalar values. For each RGB pixel, this yields
i = eρ + c (1, 1, 1). i denotes a pixel of I(x, y) ∈ {i00 ... imn }, the same applies to
e, ρ and c). Moreover, as the object is planar with a few high-frequency normals,
shading information is mostly contained in the high frequencies of the image intensity.
Furthermore, it is assumed that albedo changes always affect chroma and intensity
of the image, but shading changes only affect the intensity.
With these assumptions, decomposition is approximatively accomplished by bilateral
filtering [PKTD09]. In the first step, each pixel i = (ir , ig , ib ) is separated into
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intensity it and chroma ic :
it = (ir + ig + ib )/3

(6.1)

ic = (ir /(3it ), ig /(3it ), ib /(3it )) = (ir /(3it ), ig /(3it ), 1 − ir /(3it ) − ig /(3ib )) . (6.2)
Thereafter, a bilateral filter is used to remove details in It (x, y) ∈ {it,00 ... it,mn } that
are not present in Ic (x, y) ∈ {ic,00 ... ic,mn }. The filter blurs It (x, y) spatially with
a Gaussian function weighted by the distance between chromaticity. The spatial
weighting between point x = (x, y) and x0 = (x0 , y 0 ) is given as
1 |x − x0 |2
b(x, x ) = exp −
2
σs2
0

!

(6.3)

.

Similarly, the chroma values are weighted with
1 |Ic (x) − Ic (x0 )|2
r(x, x0 ) = exp −
2
σr2

!

.

(6.4)

The filtering process results in an image If (x, y) ∈ {if,00 ... if,mn }, where regions with
similar chromaticity are blurred, but edges occurring in chroma and intensity are
preserved. It is now assumed that If (x, y) contains low-frequency albedo intensity
and specularity. By subtracting pixels if from it , the high-frequency components are
obtained, and with the above assumptions, these components are related to shading
from changes in normal direction:
ẽ = i − if

(6.5)

ρ̃ = if ic .

(6.6)

Images ẽ(x, y) ∈ {ẽ00 ... ẽmn } and ρ̃(x, y) ∈ {ρ̃00 ... ρ̃mn } are only crude approximations to e(x, y) and ρ(x, y). ρ̃(x, y) includes specular highlights as well, a separate
estimate for c(x, y) is not generated. However, this does not influence normal reconstruction, as it only uses e(x, y). Furthermore, the observed brightness generated
from the light source is mostly contained in ρ̃(x, y). Due to the subtraction, ẽ(x, y)
only contains high-frequency irradiance information.
Removing highlights The extraction of ẽ(x, y) can be made more robust if specular
highlights are removed before decomposition. If multiple images with varying highlight
position are given as input, the specular component Ci (x, y) can be eliminated by
taking the minimum of all images Ii (x, y) at each pixel. This generates a single image
I˜d (x, y) that contains only the diffuse component:
I˜d (x, y) = min Ii (x, y) .
i

(6.7)

I˜d (x, y) is only an approximation to the real diffuse shading and albedo image I d (x, y)
that fails in regions with overlapping specular highlights.
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Combination with normal reconstruction Normal reconstruction needs an image
of a surface with homogeneous diffuse BRDF under arbitrary illumination. Although
all low-frequency irradiance information is removed in ẽ(x, y), it can be used as
input data. Normal reconstruction requires images of a homogeneous diffuse surface
captured by a camera. This corresponds to radiance measurements per point. Given
this input data, the algorithm will estimate albedo of the surface and irradiance per
point. Using ẽ(x, y) is almost the same as using an image I 0 (x, y) that shows the
same surface as Ii (x, y), but with small homogeneous albedo instead of the original
colors (i.e., albedo of the surface in Ii (x, y) is set to uniform gray). In conclusion,
the prerequisites for normal reconstruction are fulfilled by ẽ(x, y), allowing it to be
used as input.
Discussion and Evaluation The presented approach is simple and straightforward,
but nevertheless provides plausible results, as shown in Fig. 6.1 (σs = 16, σr = 0.05).
A single image of a surface with varying albedo and specular properties is rendered in
the pisa environment (Fig. 6.3). The light sources are not purely white, but depending
on the reflection properties, this has only minor consequences. The rendered image is
used as input for the decomposition algorithm, which splits the image into intensity
It (x, y) and chroma Ic (x, y) and estimates the diffuse shading ẽ(x, y) and albedo
ρ̃(x, y). The figure also shows the real albedo and a rendering of the surface with
diffuse shading only, which can be compared to the output of the algorithm. As the
brightness of ẽ(x, y) and ρ̃(x, y) do not match the brightness of the renderings, the
values are scaled for better illustration.
All surfaces are rendered with high-frequency normals, either noise-like (Fig. 6.2(a),
(c), (d)) or with a regular pattern (Fig. 6.2(b)). The surfaces in Fig. 6.2(a) and
Fig. 6.2(b) exhibit diffuse reflection only and the decomposition works very well. In
Fig. 6.2(c), the blue colored parts do not have any normals and are highly specular,
resulting in a large highlight. This is an example where the colored light source
introduces artifacts in the shading image. As the material mirrors the light source, the
observed color coincides with the color of the light source. This leads to a change in
chromaticity and, thus, It (x, y) is not fully blurred in the blue regions. In Fig. 6.2(d),
these artifacts are barely visible, only the edges in the top left corner are slightly
flawed.
Fig. 6.2 shows two examples of surfaces that violate the assumptions used in the
decomposition. In Fig. 6.2(a), the chromaticity does not change at the edges of the
bricks, so the bright color at the joints is not classified as albedo. In Fig. 6.2(b), a
highly specular material is disturbed by normals. The material is rendered with the
ennis environment (Fig. 6.3), where a very bright light source illuminates the surface
from the right side. The high-frequency shading from the diffuse blue color is hardly
visible in the image, instead the highlights create high-frequency changes in intensity
and chroma too. Consequently, diffuse shading on the one hand and specular shading
as well as albedo on the other hand can not be separated.
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Real world examples are given in Fig. 6.4. Decomposition creates reasonable results
for images with homogeneous albedo (ingrain wallpaper, fabric, metal), especially
shading looks quite well. The estimated albedo contains some high-frequency artifacts
(fabric, metal) or invalid low-frequency intensity variations (ingrain wallpaper). Cork
has mixed variations in albedo intensity, chroma, and normals which cannot be
decomposed without further information (e.g., multiple lighting directions). Details
in wood mainly affect intensity, therefore the algorithm wrongly classifies them as
shading.

38

6.1. Intrinsic Image Decomposition
input
intensity
chroma

diffuse shading
est. diffuse shading

albedo
est. albedo

a)

b)

c)

d)

Figure 6.1.: Results from intrinsic image decomposition. The left column shows the rendered
input image as well as its intensity and chroma. The algorithm then decomposes
the image into diffuse shading and albedo (middle and right column, reference
and estimation result shown on top of each other). Note that the estimated albedo
contains specular highlights as well, as a separate estimate for specularity is
not generated. Texture (d) is taken from http://www.arroway-textures.com/
and slightly modified.
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input
intensity
chroma

diffuse shading
est. diffuse shading

albedo
est. albedo

a)

b)

Figure 6.2.: Results from intrinsic image decomposition in case of failure. In the first row,
a change in albedo only affects intensity, not chroma. In the second row, the
bright colored light source is reflected from the highly specular material with
noisy normals. Diffuse and specular shading interfere with each other, both
consisting of high-frequency components. Texture (a) is taken from http://www.
arroway-textures.com/ and slightly modified.

pisa

ennis

Figure 6.3.: Environment maps used to render the surfaces in Fig. 6.1 and Fig. 6.2 (taken
from http://gl.ict.usc.edu/Data/HighResProbes/).
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input

est. diffuse shading

est. albedo

Figure 6.4.: Results from intrinsic image decomposition for real scenes. From top to bottom:
ingrain wallpaper, carpet, metal, stonewall, fabric, cork, wood. Decomposition
failed for cork and wood.
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6.2. Estimating Normal Maps of Diffuse Surfaces
Estimating normals from images with static illumination represented by an environment map is an ill-posed problem. In this work, only normals that are visible as
high-frequency details in the image are considered to achieve reasonable results. In the
image, normals generally have two effects, depending on whether a surface point has
a more diffuse or more specular appearance. Diffuse surface points become brighter
if the angle between normal and incident lighting direction is small. In contrast,
specular surface points exhibit a highlight if the normal lies half-way between viewing
direction and incident light. Therefore, in order to perfectly reconstruct normals,
the BRDF has to be known. Here, a homogeneous diffuse BRDF is assumed when
reconstructing normals to simplify the problem.
The approach discussed in the following is based on the optimization methods in
[WSTS08] and [IH89]. In contrast, instead of a single point-light source, the lighting
from an environment map is considered using the spherical harmonics representation
discussed in Sec. 2.7. Furthermore, the two scale reconstruction technique introduced
in [DTPG11] is used: the surface is represented by two layers, coarse heights at
the bottom and overlying perturbed normals for subtle details. First, normals are
recovered on a smoothed image, then subtle details are added.
For objects with a homogeneous diffuse BRDF (fr (ωi , ωo ) = πρ ), the image formation
with spherical harmonics lighting is described in Eq. (2.34) and q
Eq. (2.19). Using only
4π
4 coefficients (l ≤ 1), the equation becomes linear (with Ãl = 2l+1
), nl = (u, v, w)
and Eqs. (2.22)-(2.25)):
ρ
(Ã0 L00 Y00 (θ, φ) + Ã1 L1−1 Y1−1 (θ, φ) + Ã1 L11 Y10 (θ, φ) + Ã1 L11 Y11 (θ, φ))
π
(6.8)
!
√
√
√
ρ Ã0 L00
3Ã1 L1−1
3Ã1 L10
3Ã1 L11
√ +
√
√
√
=
ny +
nz +
nx
(6.9)
π
2 π
2 π
2 π
2 π
ρ
= (a3 u + a2 v + a1 w + a0 ) .
(6.10)
π

Lo (nl ) =

The irradiance E(x, y) at surface point (x, y) with normal
nl (x, y) = (u(x, y), v(x, y), w(x, y))

(6.11)

E(x, y) = a3 u(x, y) + a2 v(x, y) + a1 w(x, y) + a0 .

(6.12)

is

Initially, the surface albedo ρ is not known and has to be estimated before normal
reconstruction to obtain E(x, y). The surface is mainly planar with only a few
high-frequency normals. The global orientation n in world space is known from
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homography decomposition. Therefore, averaging the radiance observed at all surface
points approximately yields the radiance Lg of the global normal n. Once a normal
and its corresponding radiance are known, ρ can be calculated in the following way:
Lg
ρ=π
.
(6.13)
E(n)
With ρ, the irradiance E(x, y) is known from the radiance L(x, y) at each point:
π
E(x, y) = L(x, y) .
(6.14)
ρ
The normal can then be computed directly from the irradiances E(x, y) by minimizing
the following functional:
J(u, v, w) =

ZZ

=

ZZ

(a3 u + a2 v + a1 w + a0 − i)2 + µ(u2x + u2y + vx2 + vy2 + wx2 + wy2 )dxdy
(6.15)
F (u, v, w, ux , uy , vx , vy , wx , wy , x, y)dxdy .

(6.16)

In this equation, i = E(x, y), ux = ∂u(x,y)
and uy = ∂u(x,y)
are the partial derivatives
∂x
∂y
of u, analogue to vx , vy , wx , wy . J consists of data and smoothness term. The data
term (first term) ensures that the irradiance calculated from the estimated normals
equals the observed irradiance i. The smoothness term (second term) produces a
solution in which nearby normals do not change rapidly. The energy functional leads
to Euler-Lagrange equations that are solved as described in Appendix A.1. Similar
to [DTPG11], the algorithm operates on a Gaussian-filtered image (mask size 3 × 3,
σ = 0.4).
The algorithm requires meaningful initialization to facilitate fast convergence. From
the scene reconstruction step, the global normal n of the plane is already known.
Thus, (u, v, w) can be initialized with this normal direction, and because the plane is
almost flat, a solution is found after only a small number of iterations. The process
is terminated after a fixed number of iterations or if the normals do not change
anymore (threshold-based).
However, the normals estimated by this process are biased towards the brightest
points in the environment map. This effect also occurs in [WSTS08], where the
following solution is proposed. At first, a height field is reconstructed from the
normals by solving a 2 dimensional Poisson equation. Afterwards, the height field is
differentiated to obtain the final normals.
A height field determines the height h(x, y) at each surface point. It is obtained from
the normal map by minimizing the following energy functional:
J(h) =

ZZ

k∇h − qk2 dxdy

(6.17)

=

ZZ

(hx − qx )2 + (hy − qy )2 dxdy ,

(6.18)
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where ∇ is the gradient operator and h denotes the 2 dimensional height field
h(x, y) with its derivatives hx and hy . q is a vector containing the functions that
determine the relative height calculated directly from the normals. The functional is
reformulated as Poisson equation and solved as described in Appendix A.2.
Once the height field is computed, it is back-converted to a normal map
nh (x, y) = (uh (x, y), vh (x, y), wh (x, y)

(6.19)

by calculating the gradient. At last, perturbed normals that model subtle details
onto the height field are reconstructed by minimizing the following energy function
at each surface point [DTPG11]:
J(u0 , v 0 , w0 ) = (a3 u0 + a2 v 0 + a1 w0 + a0 − i)2
0

0

(6.20)
0

+ λ((u − uh ) + (v − vh ) + (w − wh ) ) .
2

2

2

(6.21)

This yields the final normal map n0h (x, y) = (u0 (x, y), v 0 (x, y), w0 (x, y). λ is set to
0.001. Just like in Eq. 6.15, the first term minimizes the difference between observed
irradiance and the irradiance calculated from the resulting normal map. The second
term ensures that the result is similar to the normal nh calculated from the height field.
The equation is overdetermined and is solved for each surface point independently
by calculating the best fit in the least-squares sense, followed by normalization of
the vectors to length 1.
Discussion and Evaluation Computing the normals with spherical harmonics has a
few disadvantages. First of all, it is not guaranteed that the resulting normal vectors
point towards the camera, even though this does not seem to be a problem, at least in
the tests shown below. Moreover, lighting with spherical harmonics does not consider
self-shadowing, even light from behind the plane can shine onto a surface point if
the normal is tilted. The upper hemisphere related to a local normal is always fully
visible, regardless of the orientation of the normal. However, as only a hemispherical
environment map (upper hemisphere of the plane’s global normal) is captured with
the fish-eye lens, the other hemisphere is black, not introducing any errors.
Fig. 6.5 shows recovered normal maps (color-coded) of a plane in four different lighting
environments. The images only contain shading and intrinsic image decomposition
is not necessary, because the plane is diffuse and has constant albedo. Arealight-lt
exhibits a small area light source, thus the edges in the renderings are clearly visible.
Note that this type of illumination can not be represented very well by spherical
harmonics with 4 coefficients. Smoothlight shows very smooth lighting. Natural
illumination from indoor and outdoor scenes is tested in ennis and pisa. Normal
map test shows vertical, horizontal and diagonal edges. Normals similar to real-world
materials are given with stone and concrete.
As mentioned, it is not possible to represent arealight-lt with only 4 coefficients in
spherical harmonics. Nevertheless, the quality of reconstruction is similar to the other
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scenes, indicating that the approximation is also sufficient for small light sources,
often appearing in indoor scenes, e.g., from light bulbs. However, the rendering
of normal map test shows that due to the position of the light source, diagonal
edges have nearly the same intensity as the background, although the normal is
different. This prevents a correct recovery of these edges, clearly visible in test, but not
recognizable in stone. This problem is also visible in the other scenes, dependent on
the lighting conditions. For example, in pisa, light comes mostly from the bright sky,
so vertical edges are lost. The estimation of stone greatly suffers from this problem,
as the vertical edges of the bricks are not visible anymore. A worst-case example is
shown in Fig. 6.6. The light source is centered above the plane, consequently shading
is faintly visible and independent of the edge’s orientation. This problem is inherently
given and can be solved, e.g., if multiple images under varying illumination are used
(Photometric stereo) or if color information is exploited like in [JA11].
Results for real scenes are given in Fig. 6.7 and Fig. 6.8. In env-1 (Fig. 6.7), the
surface is illuminated from two light sources at similar location. Env-2 consists of
multiple light sources: fluorescent tubes at the ceiling and a bright light from the
window. In both cases, the surface structure is clearly visible and the reconstructed
normal map is plausible. Env-3 suffers from the same problem as illustrated in
Fig. 6.6. Reconstruction failes because the brightest light is centered above the
surface. Fig. 6.8 shows results rendered from reconstructed normal maps.
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arealight-lt

smoothlight

ennis

pisa
test

stone

concrete

Figure 6.5.: Recovered normal maps in different lighting environments. The reference normal
maps are displayed in the first row. The subsequent rows show the environment
map (upper hemisphere of the plane), the rendering of the normal map used
for estimation and the estimated normal map (conrete is taken from http:
//www.arroway-textures.com/).
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arealight-m
stone

test

concrete

Figure 6.6.: Recovered normal maps for an area-light source centered above the plane. Normal
reconstruction fails in this case, because shading is hardly visible in the images.

env-1

env-2

env-3

Figure 6.7.: Recovered normal maps from real scenes for different environments. The dominant
light source in env-1 and env-2 is placed at the borders of the environment map,
so the surface structure is clearly visible. In env-3, the light source is placed
above the surface, which results in the same problems as in Fig. 6.6.
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carpet

Lego

stonewall

Figure 6.8.: Recovered normal maps from real scenes for different environments and surfaces.
From top to bottom: one of the two input images, environment map, reconstructed
normal map, normal map rendered with captured environment map (intensity
only), normal map rendered under novel illumination (point light source at
position (−1, 1, −1)).
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In this chapter, the problem of measuring a single BRDF of a homogeneous planar
surface is examined. Given two views of the scene and the hemispherical environment,
a BRDF model is fit to the measurements. At first, a BRDF model is presented that
allows fitting using linear optimization with low memory requirements and short
computation times. Afterwards, the estimation process is described in more detail
and finally evaluated for different scenes.

7.1. A Linear BRDF Model
Analytic models for BRDFs are mostly non-linear, with one or more parameters
controlling the shape of the specular lobe (i.e., the roughness of the surface). Fitting
these models to measured data relies on non-linear optimization techniques that are
sensitive to initialization and often find only a local minimum solution. A linear
model does not suffer from these problems, as linear least-squares solvers can be
used. The linear model is based on the assumption that a material is composed of
several basis BRDFs with different weightings. This results in a linear combination of
basis BRDFs, see Sec. 2.2.2 and Eq. (2.8). Analysis of measured BRDFs (e.g., from
the MERL BRDF database) have shown that this assumption is valid. Matusik et al.
performed Principal Component Analysis (PCA) on the dataset and discovered that
only 45 principal components are necessary to represent each of the measured BRDFs
[MPBM03a]. They have also shown that it is possible to represent new BRDFs as
linear combination of the BRDFs in the original dataset [MPBM03b].
The presented work uses a linear model to estimate BRDFs by linear optimization.
Instead of using measured data, the basis BRDFs are represented by the AshikhminShirley BRDF model [AS00]. This has the advantage that it is not necessary to
store large amounts of data and it is possible to efficiently render materials with
Monte-Carlo methods. The BRDF is then written as
L
a0 X
f (ωi , ωo ) =
+
al fl (ωi , ωo ) .
π
l=1

(7.1)

The BRDF consists of a Lambertian term with albedo a0 and L specular terms
fl (ωi , ωo ), weighted with al . According to the isotropic Ashikhmin-Shirley model,
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the specular term is given as
fl (ωi , ωo ) =

(n · h)ml
ml + 1
F ((k · h)) ,
8π (ωi · h) max((n · ωi ), (n · ωo ))

(7.2)

where n is the surface normal, h is the half-vector between ωi and ωo , ml is a
Phong-like exponent to control the roughness, and F (cos θ) is a function giving the
Fresnel reflectance for incident angle θ. Using Schlick’s approximation [Sch94], the
Fresnel term is
F (Rl , cos θ) = Rl + (1 − R)(1 − cos θ)5 .

(7.3)

Thus, the shape of the specular lobe is parametrized by the two values ml and Rl .
To get a meaningful parametrization for the basis materials, the model is fitted to
measured BRDFs from the MERL database. This has already been performed by
Ngan et al. [NDM05], so their results can be used here.
However, if all 100 BRDFs of the MERL database are used, the estimation would have
to find interpolation weights al for 100 materials. Therefore, it would be necessary
to render the captured scene 100 times, resulting in long computation times. As
previously mentioned, it has been shown that a much smaller number of basis BRDFs
is sufficient for a decent approximation. In order to find out the minimal number of
basis BRDFs, k-means clustering with K = {5, 10, 20, 30, 40, 50, 60} is performed in
the 2D parameter space (ml , Rl ) with the complete set of MERL BRDFs. Only lobes
with ml > 5 are used, as materials with smaller ml are considered as fully diffuse
and, thus, can be approximated by the diffuse term. The clustering results in |K| = 7
possible BRDF models
f K (ωi , ωo ) =

K
a0 X
K
+
aK
l fl (ωi , ωo )
π
l=1

(7.4)

from which to choose, with flK (ωi , ωo ) determining an Ashikhmin-Shirley BRDF
using the parameters of the l-th cluster and its associated weighting aK
l .
In order to choose the best model in terms of computational effort and approximation
quality, each of the K models is fitted to each MERL BRDF. The fitting is performed
following the approach of Ngan et. al [NDM05] by minimizing the following residual
function for a linear BRDF with parameter vector a:
v
u P
2
K
u
u ω ,ωo w (f (ωi , ωo ) cos θi − mj (ωi , ωo ) cos θi )
i
P
E(a) = u
,
t

w

(7.5)

ωi ,ωo

where mj (ωi , ωo ) is the j-th MERL BRDF and the BRDF samples are weighted
according to uniform incoming radiance (w is the solid angle correction term).
The function is evaluated on a grid of 90 × 60 × 90 × 60 (θi × φi × θo × φo ). Due
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to their unreliability in measurements, values with an incident or outgoing angle
θ{i,o} > 80◦ are ignored. In contrast to [NDM05], the fitting is performed by nonnegative linear least-squares minimization, ensuring that the fitting results in a
non-negative BRDF. It is also necessary to down-weight (here: multiply with 0.01)
values near mirror direction (θi u θo ∧ φi u φo + π), because the difference in the
point-sampled analytic BRDF model and the measured values becomes high in
this region, potentially dominating all other residuals. The down-weighting is only
applied in the optimization, all errors shown in the following are calculated without
down-weighting.
Results for the fit are shown in Fig. 7.1 and Fig. 7.2. The figure suggests that K = 20
basis BRDFs give a good trade-off between approximation quality and computational
complexity. For K ≥ 40 the result does not improve significantly. Note that the best
fit in least-squares sense does not necessarily provide the best visual result.

mean error

0.16

0.15

0.15

0.14
0 5 10

20

30

40

50

60

K
Figure 7.1.: Mean error for different number of basis functions. All MERL BRDFs are fitted
to the linear BRDF model according to Eq. (7.5), independently for each color
channel. The error is calculated for each channel and normalized to the maximum
albedo of the BRDF (maximum albedo computed as in [NDM05]). Finally, the
normalized error of all color channels is averaged.

7.2. Estimating BRDF Weighting Coefficients from Images
Estimating the linear BRDF from two views and an environment map means to
determine the weighting coefficients for each of the basis BRDFs. The rendering
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Figure 7.2.: Fitting results for BRDF alum-bronze, scaled by cubic root, θi = 45◦ , φi = 0◦ ,
φo = 180◦

equation tells how the views were generated:
Lo (x, ωo ) =

Z

f K (ωi , ωo )Li (x, ωi ) cos θi dωi .

(7.6)

Ω+

Using parallel projection, a single view is a 2D slice of Lo (x, ωo ) for ωo = constant.
For a pinhole camera this is slightly more complex. The direction ωo of the outgoing
radiance at surface point x observed in the camera image is determined by the vector
connecting x with the projection center of the camera. Again, this results in a 2D
slice of Lo (x, ωo ), but this time ωo is different for each pixel in a view. In both cases,
each view contains a few scattered measurements of Lo (x, ωo ). Note that although
an environment map is used for the incident illumination, Li depends on x as well.
This is due to the corrections described in Sec. 5.5.
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Plugging in f K (ωi , ωo ) and rearranging yields:
Lo (x, ωo ) =

K
X
l=0

Z

al

flK (ωi , ωo )Li (x, ωi ) cos θi dωi ,

(7.7)

Ω+

with the diffuse component foK = π1 .
Using linear least-squares optimization, the coefficients al can be determined. The
quadratic difference between the measurements Lo (x, ωo ) and the weighted basis
BRDFs has to be minimized:


E(a) =

X


Lo (x, ωo ) −

K
X

2
Z

al

l=0

(x,ωo )
∈observations

flK (ωi , ωo )Li (x, ωi ) cos θi dωi  . (7.8)


Ω+

This problem can be efficiently solved by precomputing the integral for each observation, resulting in a function Ll (x, ωo ) for each basis BRDF flK (ωi , ωo ). The error
function becomes:
E(a) =

X

Lo (x, ωo ) −

K
X

!2

al Ll (x, ωo )

.

(7.9)

l=0

(x,ωo )
∈observations

The equation describes an ordinary linear least-squares problem. The resulting linear
BRDF is given as
f (ωi , ωo ) =
K

K
X

K
aK
l fl (ωi , ωo ) .

(7.10)

l=0

To ensure non-negativity, the solution is computed via the non-negative linear leastsquares solver described in Sec. 2.3. Thus, all coefficients al are either 0 or positive,
based on the intuition of a BRDF that is composed of several specular lobes and a
constant for the diffuse component.
What remains is the computation of Ll (x, ωo ). The region of integration Ω+ as well
as the cosine are dependent on the surface normal at point x, so the precomputation
has to be performed once for a new scene. At any point in each view and for each
basis BRDF, the incident radiance has to be weighted with cosine, solid angle, and
basis BRDF, afterwards integrated over the upper hemisphere (see Alg. 1). The
following methods are used to perform this task.
Diffuse component The diffuse component is computed efficiently with the spherical harmonics representation of the environment map. This is easily performed
through Eq. 2.19 and Eq. 2.34. Due to the use of spherical harmonics, the result
is noise-free. However, as spherical harmonics coefficients are only calculated for
the environment map seen from the central point on the plane, the corrections that
would have to be applied to off-center surface points are ignored (see Sec. 5.5).
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Algorithm 1 Integration of basis BRDFs and environment.
for all views v do
for all surface points x with ray direction ωo in view v do
calculate diffuse component Lo (x, ωo )
for all specular basis BRDFs flK (ωi , ωo ) do
calculate specular component Ll (x, ωo )
end for
end for
end for
Specular component For the specular component, Monte-Carlo integration with
importance sampling is used. The upper hemisphere is sampled according to the
probability distribution of the Ashikhmin-Shirley BRDF [AS00], ensuring fast convergence with few samples. Here, the corrections for off-center surface points are
considered to avoid large errors for highly specular BRDFs. The errors are mostly
visible for materials that create a clear mirror image of the environment.
The use of spherical harmonics for the diffuse basis BRDF and importance sampling
for the specular basis BRDFs guarantees efficient computation, considering running
time as well as memory requirements.

7.3. Evaluation
7.3.1. Synthetic Scenes
An evaluation is performed by estimating the BRDF in different scenes that are
composed of a plane rendered with various MERL BRDFs and illuminated by the
environments shown in Fig. 7.3. The camera is placed at two different locations,
creating two views of the plane, each with a size of 436 × 218. The environments
address different problems of the estimation process. Smoothlight is composed of lowfrequency components only, similar to light coming from the sky. Arealight contains
a single light source that is located at a position where its reflection on the plane is
visible in both views. In contrast, the reflection of the light source in arealight-single
is only visible in one of the views. Finally, a typical outdoor scene is given in the
pisa environment.
Each scene is rendered with one of four materials from the MERL BRDF database
[MPBM03a], ranging from highly specular (green-acrylic) to almost purely diffuse
(blue-rubber). Monte-Carlo integration with cosine-distributed importance sampling
is used to synthesize the images.
Fig. 7.5 lists some results of the estimation process. In the first column, one of the two
input images is shown. The second column shows the plane from the same viewing
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smoothlight

arealight

arealight-single

pisa

Figure 7.3.: Environments used to evalute the results of the estimation. Each environment
poses another challenge for the estimation.

reference

smoothlight

arealight

green-acrylic

alum-bronze

fruitwood-241

blue-rubber

Figure 7.4.: Estimation results and reference for the scenes in Fig. 7.5.

angle, this time rendered with the estimated BRDF. The difference between both
images, scaled by 10, is given in the last column. It is clearly noticeable that, as
expected, the difference is much higher at regions with specular highlights, because
the specular highlight has greater absolute values and the most information of a
BRDF is contained in the specular part. The results for the smoothlight environment
generally have small differences, as the smooth illumination does not produce any
noticeable highlights. However, this does not imply that the reconstructed BRDF
better approximates the real BRDF.
The error of the approximation is shown in Fig. 7.6(a). The estimated BRDF
is compared to the real BRDF at each location in a grid of 90 × 60 × 90 × 60
(θi × φi × θo × φo ). The figure shows that the approximations of blue-rubber and
fruitwood-241 have smaller error compared to alum-bronze and green-acrylic. This
is not surprising, as these BRDFs do not have specular lobes with high values that
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cause large errors. Moreover, in each case, the environment apparently does not
have great influence on the error of the estimation. Although there is no highlight
visible if the scene is illuminated by smoothlight, the error is similar or smaller
compared with the error in the other environments. This does not seem to coincide
with the results shown in Fig. 7.4, where the estimated BRDF is applied to a plane
and rendered under point-light illumination, resulting in a bright highlight in the
center of the surface. It can be seen that the estimation result using arealight are
better than the results using smoothlight. Plots of the BRDFs (Fig. 7.7) reveal the
reason for this inconsistency. If grazing angles become smaller, BRDF values get
higher. Consequently, the error is dominated by the differences at small grazing
angles. However, the input images do not contain grazing angle effects, making the
approximation very inaccurate. Furthermore, the images in Fig. 7.4 do not show
grazing angle effects either. Ignoring these effects when calculating the error results
in Fig. 7.6(b). The error when estimating the BRDF in smoothlight is now greater
than in arealight for alum-bronze, fruitwood-241, and blue-rubber, complying with
synthesized images under point-light illumination.
However, green-acrylic still results in a larger error with arealight. Again, this can
be explained by Fig. 7.7. Clearly, when reconstructing the specular lobe with the
smoothlight environment, the shape does not correspond to the reference BRDF,
however, its length is similar. Because the values are comparatively high in the
mirroring direction, the error is influenced more by the length of the lobe than by its
shape. For green-acrylic and smoothlight, although the shape does not match, the
length is more similar in smoothlight. Therefore, the error is smaller. In conclusion, it is
not possible to reliably estimate the shape of a specular lobe if the illumination mainly
contains low-frequency components. This coincides with the work of Ramamoorthi
and Hanrahan who state that BRDF recovery is well-conditioned for high-frequency
illumination and ill-conditioned for smooth lighting [RH01c].
The reconstructed shape is not perfect for arealight either, even for small θ{i,o} .
Further experiments indicate that, to a certain extend, this issue is also related to the
number of image pixels and samples used in Monte-Carlo integration. The problem
is much less present for nearly diffuse BRDFs.
Returning to Fig. 7.6(b), if the highlight is only visible in one of the views (arealightsingle), the error is similar, although less information about the shape of the lobe is
observed in the images. The same can be observed for the pisa environment, indicating
that real-world illumination places sufficient constraints for a decent solution.
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MERL
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Figure 7.5.: Results of the estimation process for homogeneous surfaces. First column: one
of the two views used as input images (rendered from MERL BRDFs). Second
column: the same view rendered with the estimated BRDF. Third column:
difference between estimation result and input image, scaled by a factor of 10.
Environments arealight and smoothlight are used to illuminate the plane for the
top and bottom group of images respectively.
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Figure 7.6.: Error of estimated BRDFs according to Eq. (7.5) for different lighting environments. Data with incident or outgoing angle (a) θ{i,o} > 80◦ or (b) θ{i,o} > 45◦
is ignored.
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Figure 7.7.: Estimation results and reference for green-acrylic, alum-bronze, and fruitwood-241,
scaled by cubic root, θi = {15◦ , 45◦ , 75◦ }, φi = 0◦ , φo = 180◦
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7.3.2. Real-World Scenes
Results of real scenes are shown in Figs. 7.8-7.14. Due to differences in surface,
illumination, and view point, a large variety of problems are observable in the images.
As noted earlier in this section, reconstruction quality depends on the reflection
seen in the input images. Figs. 7.8-7.10 show a surface with small diffuse and high
specular contributions. Under ideal conditions (direct reflection of a high-frequency
light source; Fig. 7.8(a) and Fig. 7.10), the shape of the specular lobe is very similar.
Without a reflection of the light source, the results are mixed: the BRDF is very
blurry (Fig. 7.8(c)) or is otherwise distorted (Fig. 7.9(a)), similar to the behaviour
observed with the smoothlight environment in Fig. 7.7. The same can be observed
for another material in Fig. 7.11 and Fig. 7.12.
Although the shape of the specular lobe is similar in Fig. 7.8(a) and Fig. 7.10, the
diffuse component is different. The reason is probably the differences in ambient light
(color and intensity): in the former case, white light is coming from the window, mostly
hitting the surface at small grazing angles. In the latter case, the only light source is
the fluorescent lamp on the ceiling, so the scene is much darker and fully dependent
on the color of the artificial light source. In this work, the influence of a light source’s
spectral power distribution on reconstruction quality will not be investigated further,
due to the lack of reference materials and light sources. However, as Figs. 7.11-7.13
show, the problem is much less present when reconstruction materials with stronger
diffuse components.
Another problem consists in the correct alignment of the environment reflection. Due
to imperfect calibration, the scene geometry does not perfectly match reality, leading
to slightly shifted reflections. This leads to blurred BRDFs as shown in Fig. 7.8(b). In
Sec. 5.5.1, an image-based method is presented that tries to fix inaccuracies. However,
the method can fail, leading to a more (Fig. 7.14(c)) or less (Fig. 7.9(b)) blurry result.
Aligning the environment by hand as it was done in Fig. 7.9(c) improves the result.
Finally, Fig. 7.15 and Fig. 7.16 show the estimated BRDFs under novel illumination,
i.e., a BRDF estimated in one environment is applied to another scene that shows the
same material, but was captured in another environment. Again, a slight difference
in diffuse color can be noted. Nevertheless, the shape of the highlights is similar. As
expected, the error is smaller for diffuse BRDFs.
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a)

b)

c)

Figure 7.8.: Results for a dark surface with high specularity using two different sets of input
images under the same illumination. From left to right and top to bottom:
environment, first input image, second input image, close-up of surface in first
input image, close-up of surface in second input image, estimated BRDF rendered
with point light illumination, estimated BRDF rendered with same conditions as
first input image, estimated BRDF rendered with same conditions as second input
image. (a) Light source is reflected from surface. (b) Light source is reflected from
surface, but automatic alignment of the environment is deactivated (Sec. 5.5.1).
(c) No highlight visible.
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a)

b)

c)

Figure 7.9.: Results for the same surface as in Fig. 7.8, but with different illumination. Light
comes mostly from the window. (a) No highlight visible. (b) Highlight visible,
but automatic alignment of the environment (Sec. 5.5.1) failed, leading to a
slightly blurry BRDF. (c) Aligning the environment by hand improves the result.
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Figure 7.10.: Results for the same surface as in Fig. 7.8, but with different illumination. Light
comes from above only, there is little ambient light.

a)

b)

Figure 7.11.: Results for a mostly diffuse, blue surface (carpet). (a) Light is not reflected
from the surface. (b) Light source is reflected in the right image (hardly visible
because of the small specular component, cf. Fig. 7.8).
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Figure 7.12.: Results for the same surface as in Fig. 7.11, but with different illumination.
Light comes mostly from the window.

Figure 7.13.: Results for the same surface as in Fig. 7.11, but with different illumination.
Light comes from above only, there is little ambient light.
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a)

b)

c)

Figure 7.14.: Further results for different surfaces. (a) tile with moderate specular reflections.
(b) metal with anisotropic behaviour that is currently not reproducible. (c) tv
with mirror-like reflection that is slightly blurred, because of the complex and
not perfectly aligned environment.
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a)

b)

RMS=0.072

c)

RMS=0.035

Figure 7.15.: Estimated BRDFs under novel illumination (environment of Fig. 7.8). From
left to right and top to bottom: estimated BRDF rendered with point light
illumination, estimated BRDF rendered with same conditions as first and second
input image, differences between reference and relighted surface for first and
second input image, RMS of difference. (a) Reference: BRDF of Fig. 7.8(a). (b)
BRDF of Fig. 7.9(c). (c) BRDF of Fig. 7.10.

a)

b)

RMS=0.015

c)

RMS=0.018

Figure 7.16.: Estimated BRDFs under novel illumination (environment of Fig. 7.11). Same
arrangement as Fig. 7.15 (exception: differences are multiplied by 10). (a)
Reference: BRDF of Fig. 7.11(b). (b) BRDF of Fig. 7.12. (c) BRDF of Fig. 7.10.
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Up to now, the reflection properties of the surface were homogeneous for all points.
Thus, within a single image, a large number of samples corresponding to a single
BRDF are observed. With the presented linear BRDF model, the reconstruction
process results in an overdetermined system which can be solved in the least-squares
sense. If, however, the reflection properties of a surface change from one point to
another, i.e., the BRDF of the surface is spatially varying, the reconstruction gets
more complicated.
In combination with the linear BRDF model described in Sec. 7.1, the weighting
coefficients aK
l for each basis BRDF become dependent on surface location x, leading
to the following spatially varying BRDF model with the weighting coefficient map
aK
l (x):
f K (ωi , x, ωo ) =

K
X

K
aK
l (x)fl (ωi , ωo ) .

(8.1)

l=0

With only two measurements per surface point, it is not possible to reliably reconstruct
a single BRDF per point. A single surface point yields two observations, but there are
K unknowns in the linear BRDF model, so the reconstruction is greatly undetermined.
However, some points yield more information for the reconstruction process than
others. If the observed color at a point changes drastically between two views, the
surface is specular at this point. Certainly, if the observed color at a point stays the
same between two views, this does not mean that the point is not specular at all.
There are at least three possibilities:
1. The point is diffuse.
2. The point is specular, but the illumination does not produce a highlight at its
location on the surface.
3. The point is specular and in both views there is a highlight visible at its
location.
Therefore, it is necessary to establish some coherence between points. For example,
points with similar color or surrounding texture could form a group in which all
points share the same BRDF. It is also possible that the points only share some
special properties, e.g., the shape of the specular lobe, instead of the full BRDF.
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Depending on the surface’s appearance, one strategy might work better than the
other.
In this chapter, three approaches to reconstruct spatially varying BRDFs are presented.
Each approach is based on different assumptions, and thus each is capable of handling
another surface type. In each case, advantages and disadvantages are discussed and
examples for successful reconstructions as well as problematic cases are given.

8.1. Clustering Similar Points
In some cases, planar objects consist of few different materials that are uniquely
assigned to points, i.e., each surface point corresponds to exactly one material. In this
case, it is possible to partition the surface into groups of materials, and determine
the BRDF of each group. The partitioning depends on some criteria, however, as
reflections and highlights can change the color of a point significantly, a simple
partitioning scheme based on color, intensity, or chromaticity is problematic. An
example is given in Fig. 8.5(c). Therefore, the following approach combines a heuristic
based on chroma with residual analysis of random models fitted to the observations.
In this approach, the surface consists of M BRDF models that are based on K basis
BRDFs. Each model m has its own weighting coefficients aK
l,m , m = {1, 2, ..., M }.
A function s(x) assigns a model to each surface point, so s(x) ∈ {1, 2, ..., M }. The
weighting coefficient map is given as
K
aK
l (x) = al,s(x) .

(8.2)

Now, the problem is to determine M , aK
l,m , and s(x). An algorithm to deal with
this kind of problems is introduced in [ZK07], an overview is given in Sec. 2.4. The
technique consists of two steps. At first, N model hypotheses are generated by
randomly choosing data points to create a minimal sample set (MSS) and by fitting
the models to the MSS (using non-negative linear least squares optimization as in
the homogeneous case). Afterwards, the residuals of the fitted models are analyzed to
choose the ones that best fit the data. Fig. 8.1 shows how this procedure is embedded
within the system.
There are a few difficulties to consider when adapting the algorithm to BRDF
estimation. In order to approximate BRDFs of materials, usually K = 21 basis
BRDFs are needed in the linear BRDF model (see Sec. 7.1). Therefore, the MSS must
contain at least 21 measurements. If, for example, the surface points can be partitioned
into two equally-sized groups, estimating each individual BRDF means to deal with
50% outliers. Unfortunately, it is very unlikely that a MSS will entirely consist of
inliers if 21 measurements are chosen randomly from the two views. Therefore, a
large number of hypotheses have to be generated to ensure that at least one of them
does not contain any outliers. Moreover, it is necessary that enough hypotheses are
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Reconstruct
3D scene

Generate
hypotheses

Analyze
residuals

SVBRDF
Figure 8.1.: System overview with clustering approach. BRDF estimation is performed in
two steps: hypotheses generation and residual analysis.

outlier-free to separate them from hypotheses with outliers, so the problem gets
even more difficult. Consequently, it is not feasible to choose data-points completely
random, instead some heuristic has to be used to increase the probability that a MSS
is only composed of inliers.
To form a model hypothesis, K measurements have to be chosen randomly. Ideally, all
measurements correspond to the same BRDF. In the proposed approach, a heuristic
based on chroma of surface points is used to increase the probability that each of
the data points in the MSS corresponds to the same BRDF. Assuming purely white
illumination and white specular BRDF colors, observed chroma stays the same at
each point on the surface belonging to the same BRDF. This assumption is not
valid anymore if the light or the specular BRDF is colored, nevertheless the chroma
observed in highlighted regions varies smoothly (except for specular materials with
very high exponents). This property can be used to build the selection algorithm.
Instead of randomly selecting K measurements and inserting all of them into the
MSS, only data points that are presumably related to the same BRDF (according
to a heuristic) are inserted. The first selected data point determines the BRDF of
the new MSS, so all subsequently selected points have to be checked whether they
correspond to this BRDF or not. Using two views, there are always two data points
corresponding to the same surface point, so these two data points share the same
BRDF. Therefore, the first criterion is that data points are always chosen in pairs,
one data point for each view. Futhermore, for each subsequent data point Pk , a line
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is traced from the starting point P0 to Pk . If the line crosses the boundary of two
adjacent regions with different BRDF (large chroma gradient), the chroma value
before the crossing is stored. From now on, the line passes through a region with
different BRDF and if Pk is reached, it is rejected. However, it is possible that the
starting region can be entered again. At each subsequent boundary crossing, the
stored chroma value is compared to the chroma in the entered region. If the values
are equal, the region of the starting point is entered again. Pk is accepted if it is
reached within the region of the starting point P0 . Euclidean distance is used to
compare chroma values. Because of the two views, two data points at the first surface
point have to be compared to two data points at the second surface point. This
is handled by calculating the Euclidean distances independently for the views and
adding them afterwards. In Alg. 2, the algorithm is described in pseudo code.
Algorithm 2 Heuristic to choose random points for model hypothesis generation.
P0 ← random point
prev_chroma ← chroma at P0 in all views
k←1
while k<K do
Pk ← random point
state ← INSIDE_STARTING_REGION
for all points on line between P0 and Pk do
cur_chroma ← chroma at Pk in all views
chroma_dif f ← kcur_chroma − prev_chromak2
if chroma_dif f > T1 then
if state = INSIDE_STARTING_REGION then
last_valid_chroma = prev_chroma
state ← OUTSIDE_STARTING_REGION
else
chroma_dif f ← klast_valid_chroma − cur_chromak2
if chroma_dif f < T2 then
state ← INSIDE_STARTING_REGION
end if
end if
end if
prev_chroma ← cur_chroma
end for
if state = INSIDE_STARTING_REGION then
accept Pk
k ←k+1
else
reject Pk
end if
end while
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Using this heuristic, only a small number of hypotheses is necessary, e.g., N = 500.
Choosing an appropriate threshold for boundary detection is difficult, because if the
threshold is too small, chroma changes due to highlights with high specular exponent
will be classified as boundary. If it is too high, boundaries between regions with
similar chroma will be missed. In this implementation, T1 = T2 = 0.0005 is used.
Adapting the work of [ZK07], the scene is rendered for each of the N model hypotheses
and the residuals are calculated and accumulated at each point x. The residual is
defined as the Euclidean distance dnx between observed color at x and estimated
color, normalized to the observed color and clamped to 0 ≤ dnx ≤ 20, n = {1, 2, ...N }.
In the analysis step, a residual histogram is generated at each point by dividing the
interval [0; maxx,n dnx ] into B equally sized bins. Afterwards, modes are searched in
the histograms. The median number of modes yields the number of models M . The
model parameters aK
l,m corresponding to the peaks in the histograms are extracted
and each surface point is assigned to one of the models, resulting in s(x). In the
original formulation, each observed data point is assigned to the nearest model.
However, if the difference between the models is small and because the rendered
basis BRDFs are noisy (due to few samples in Monte-Carlo integration), the result
will be noisy. Therefore, the assignment takes the spatial neighborhood of the points
into account. For each point, the difference between the point’s neighborhood (3 × 3)
and each model is used to determine the model to which the point belongs. After
assignment, aK
l,m is estimated again with all points belonging to model m.
Discussion Reconstruction results are shown in Figs. 8.2-8.5. The final BRDF for
each region is computed by solving an overdetermined linear system with each of
the region’s pixels. This is the same procedure as used in the homogeneous case
(Sec. 7.2), but with less constraints. Consequently, the quality of the estimated BRDF
is similar or worse, depending on the illumination and location of the region.
Due to random sampling, small regions can be missed, especially if a small number
of hypotheses N with respect to the size of the surface (in pixels) is used. In this
case, it is unlikely that the starting point lies in such a small region, consequently
there are few hypotheses for the region’s BRDF. This does not lead to a clear peak
in the residual histogram. Therefore, no model is generated for the region in the final
result. As a consequence, the approach is not suitable for surfaces that contain one
or more small regions, at least if N is small.
The quality of segmentation is largely influenced by the filter used to smooth the
residual histograms and the choice for the number of bins B. Both define the minimal
allowed distance between the models, making it dependent on the input data. Images
with noise demand for a smaller B. However, if B is too small, it will not be possible
to differentiate between similar models. In scenes such as Fig. 8.2(c) it is difficult
to find the best parameterization, as the BRDFs are very similar (smooth specular
lobe, similar color). The results in Fig. 8.2 and Fig. 8.5 are created by smoothing
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the histogram with B = 200 bins using a Gaussian filter with σ = 0.8 and σ = 1.5,
respectively.

a)

b)

c)

Figure 8.2.: Results of clustering approach for different scenes. From left to right: environment,
one of the two input images, reconstructed segments (color-coded). Texture (b)
taken from [DTPG11].

Furthermore, alignment errors (Sec. 5.5.1) are mostly visible at highlights from bright
light sources, leading to large differences dnx in regions where a highlight should be
visible according to the scene geometry, but acutally is not present in the images.
Therefore, the points in such regions form additional modes in the residual histogram,
leading to an additional BRDF that is assigned only to these points. In the result
this emerges as an additional (wrong) model for the points surrounding highlights.
The assignment of data points to the models is also problematic for surfaces with
bumpy appearance (Fig. 8.4). In this example, normals are ignored, meaning that the
variations due to normals are considered as noise. Using the same value for σ as in
the other synthetic examples results in a wrong estimate for the number of segments.
After adjusting σ slightly, the number of segments is correct, but the assignment of
data points is still wrong. As described in Sec. 6, normal reconstruction does not
work perfectly and BRDF estimation has to be able to deal with wrong normals. The
influence of normal reconstruction on BRDF estimation is further discussed in Sec. 9.
Finally, many surfaces do not satisfy the assumptions in this approach. Smooth
transitions between two BRDFs are not possible and textured materials can not be
handled.
Summing up, the approach suffers mainly from two problems: difficult parameterization for robust results and inability to represent textured surfaces. These problems
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are addressed in the following methods. Instead of fitting multiple models to the
data, the approaches work image-based, i.e., the captured photos are separated into
diffuse and specular components in order to make them relightable without the need
to fit a model to each pixel.

Figure 8.3.: Surfaces of Fig. 8.2 under novel illumination.

Figure 8.4.: Results of clustering approach for a bumpy surface (from left to right: one of the
two input images, reconstructed segments, reconstructed segments for adjusted
σ).

Figure 8.5.: Results of clustering approach for a real-world scene. From left to right: environment, input images, reconstructed segments (color-coded) and surface under
novel illumination.
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8.2. Diffuse-Specular Separation
To overcome the problems of the clustering approach, especially difficult parameterization and limited support for textured surfaces, the following approaches separate
the surface into diffuse and specular parts. The first assumes that the surface has a
diffuse texture with per-pixel information for albedo and a single specular BRDF
assigned to all pixels. The second approach additionally tries to build a specular
map that clusters the surface into a region with glossy materials and a region with
matte materials. The pixel in the specular map determines the assignment of each
surface point to one of the regions. For each region, the specular lobe is estimated.
The diffuse part of the BRDF is still calculated on a per-pixel basis.
For both approaches it is required that a BRDF model is used which allows to be
split into diffuse and specular parts. This is the case for the linear model described
in Sec. 7.1, but for some BRDFs the classification is uncertain, particularly if the
BRDF is nearly diffuse except for a small directional dependence.

8.2.1. Handling Textured Surfaces
A large variety of surfaces are composed of a texture that alters the diffuse color at
each point and a single specular BRDF that is shared by all pixels. In this case, the
surface is usually composed of two layers: the bottom layer exhibits diffuse reflection
properties with multiple colors, the top layer is transparent and highly specular.
The diffuse texture is described by the function ρ(x) that assigns a color value to each
surface point. The specular part of the BRDF consists of K weighting coefficients
αlK for the basis BRDFs. As it is assumed that all points share the same specular
properties, αlK does not depend on x. In this approach, the weighting coefficient map
is given as
(

aK
l (x)

=

ρ(x)
αlK

for l = 0
.
for l > 0

(8.3)

Diffuse and specular components are estimated iteratively. The complete system is
depicted in Fig. 8.6.
Similar to Eq. (7.7) and with Ll (x, ωo ) from Eq. (7.9), the rendering equation in this
approach looks as follows:
Lo (x, ωo ) = ρ(x)L0 (x, ωo ) +

K
X

αlK Ll (x, ωo ) .

(8.4)

l=1

When the unknowns ρ(x) and αlK are combined in a single vector, the solution can
again be computed via linear least-squares optimization. The system of equations is
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Figure 8.6.: System overview with first approach of diffuse-specular separation. The BRDF
is estimated by iteratively updating the diffuse and the specular component. All
points on the surface share the specular component, the diffuse component may
vary.

overdetermined if at least two input images are given. However, the optimization
involves computations with large sparse matrices, which has either large memory
requirements or is complex to implement.
However, diffuse and specular coefficients can be estimated by alternating between
solving for ρ(x) and αlK . For simplicity, from now on the equation is discretized and
written in matrix notation:
lo = ρL0 + αLl .

(8.5)

In an iterative algorithm, ρ and α are estimated one after another by successively
subtracting the current estimate for specular lobe and diffuse color, yielding the
following update rules:
lo − αi−1 Ll = ρi L0

(8.6)

lo − ρi L0 = αi+1 Ll .

(8.7)

ρ and α are computed using non-negative linear least-squares optimization, analog to
the homogeneous case (Sec. 7.2). On initialization, α0 = 0 . The algorithm terminates
after a fixed number of iterations or if the residuals between two successive iterations
do not decrease anymore (based on a threshold).
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Discussion As all points of the surface contribute to the estimation of the specular
reflection properties, it can be approximated nearly as well as in the homogeneous
case. However, this is not the case for the diffuse information, which is calculated
on a per-pixel basis. Therefore, it is very sensitive to noise and errors in calibration.
If both views and the environment map are perfectly aligned and if the specular
component is well approximated, the highlight will be removed nearly perfectly and
the estimated BRDF matches the reference BRDF very well. Therefore, the approach
generates good results for synthetic scenes (Fig. 8.7). As real-world scenes with small
specular contributions are not sensitive to alignment errors either, the method works
too (Fig. 8.8). Unfortunately, calibration is a major problem for materials with large
specular component and bright highlights on the surface. In this case, the highlights
are not removed completely from the diffuse texture or they are removed at the
wrong location, leading to wrongly darkened regions (Fig. 8.10(a)). Still, the specular
component of the BRDF is approximated sufficiently. If the surface is specular and
bumpy, the same problem will occur. As normals are not known, highlights are
not entirely removed from the diffuse texture (Fig. 8.10(b)). More details on the
combination of normal reconstruction and BRDF estimation are given in Sec. 9.
In conclusion, the separation approach works successfully for materials with small
specular contributions. It fails for highly specular materials, because the estimated
diffuse component contains clearly visible artifacts from the specular part. Nevertheless, in some cases it is possible to remove these artifacts. As the problematic
regions can be located on the surface, texture inpainting can be used to fix these
regions. Less complicated, the minimum color value at each surface point can be
used as diffuse contribution, because highlights usually increase the brightness at a
point. The following method makes use of these facts.
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a)

b)

c)

Figure 8.7.: Results of the diffuse-specular separation approach for synthetic scenes. From
left to right and top to bottom: environment, first input image, second input
image, estimated diffuse component, estimated specular component.

77

Chapter 8. Estimating Spatially Varying BRDFs

a)

b)

Figure 8.8.: Results of the diffuse-specular separation approach for real-world scenes (same
arrangement as in Fig. 8.7).

Figure 8.9.: Surfaces from Fig. 8.8 rendered under novel illumination.
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a)

b)

Figure 8.10.: Failure cases of the diffuse-specular separation (same arrangement as in Fig. 8.7).
(a) Strong highlights are not entirely removed in the diffuse texture. (b) Highlights on a bumpy surface cannot be removed from the diffuse texture without
an exact normal map.
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8.2.2. Combining Separation and Clustering
Analyzing the difference image between both views yields information about specular
properties of some points. If the point changes its color, it is specular (see Sec. 8).
However, the difference image does not contain any information for points that do not
change its color, they could be diffuse or specular. The following approach is based
on this observation. Each point is a weighted combination of two groups, a group
with almost diffuse reflection properties and a group with diffuse and highly specular
reflection properties (i.e., matte and glossy regions). Furthermore, the disadvantages
of the former method regarding calibration errors are avoided. Therefore, it is better
suited for real-world scenes, although captured images have to satisfy additional
requirements.
Each of the two groups is represented by the weighting coefficient map given in
Eq. (8.3). The final BRDF per point is a weighted combination of the two groups,
determined by the specular map w(x). In consequence, the combined weighting
coefficient map becomes
K
K
aK
l (x) = (1 − w(x))al,d (x) + w(x)al,s (x)

(

=

(1 − w(x))ρd (x) + w(x)ρs (x)
K + w(x)αK
(1 − w(x))αl,d
l,s

(8.8)
for l = 0
,
for l > 0

(8.9)

K
where aK
l,d (x) is the weighting coefficent map of the matte regions and al,s (x) is
the weighting coefficient map of the glossy regions. In other words, the surface is
represented by a diffuse per-pixel color and two regions with small and large specular
contributions. This means that two specular lobes have to be estimated. The perpixel weighting w(x) interpolates between these two lobes. The diffuse color is also
weighted by w(x), because it is separately estimated in matte and glossy regions.

Fig. 8.11 gives an overview on the system. First, the specular map w(x) is generated.
Next, a BRDF with a spatially varying diffuse and a homogeneous specular component
is estimated for each region. The method to estimate the BRDF is different for the
two groups. Matte regions are handled with the separation approach described in
Sec. 8.2.1. Glossy regions are handled similar, but the problems of the separation
approach are avoided by locating and removing highlights independently of the
specular estimation. Finally, the specular map is used to blend the separate parts at
each point.
Estimating the specular map The specular map is estimated by finding image
regions for which it is very likely that they belong either to a matte or to a glossy
material. Typically, only a few points can be safely assigned to one of the groups.
The remaining points are assigned by examining similarities in albedo.
At first, glossy points are identified. Specular materials can be detected by analyzing
the differences between the surface points Ii (x) extracted from the input images.
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Figure 8.11.: System overview with combination of clustering and separation approach.
The surface is clustered into a region containing matte materials and a region
containing glossy materials. Each pixel gets a weighting coefficient that describes
its assignment to one of the regions (specular map).

The varying camera position lets the specular highlights change their position, which
can be identified in the differences. The detection begins by calculating the minimum
and maximum intensity at each pixel:

1 r
Ii (x) + Iig (x) + Iib (x)
3
t
Imin (x) = min Iit (x)

Iit (x) =

i

t
Imax
(x) = max Iit (x) .
i

(8.10)
(8.11)
(8.12)

Iit (x) determines the intensity of surface point x observed in the i-th input image
{r,g,b}
with the three color channels Ii
(x). Highlights are detected by thresholding the
relative difference between Imin (x) and Imax (x). If the intensity of a point doubles,
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it will be classified as highlight:

t
(x)
1 if Imax
>2
t
Imin
(x)
Ih (x) =
0 otherwise

(8.13)

.

Noise is removed by eroding Ih (x) with a disk-shaped structuring element of size
3 × 3. The remaining points are assigned to the group of mixed materials.
In the next step, matte regions are searched. For this purpose, an initial estimation
for the specular BRDF is computed with the points of glossy materials found so
far. As the diffuse component can vary from point to point, the technique described
in Sec. 8.2.1 is used in this step. Afterwards, using the specular component of this
BRDF, the surface is rendered from the same camera position as in the original views.
t
These images will be denoted by Ri (x). Analog to the computation of I{min,max}
(x),
t
mininum and maximum of Ri (x) are generated, yielding R{min,max} (x).
The key point in this strategy is the following: if the observed surface was entirely
built of specular materials, it would look like the just rendered views. Thus, the
rendered views have to be compared with the observations. To get the views and the
observations comparable, only specularity is considered, extracted by using differences
in intensity:
t
t
t
Idif
f (x) = Imax (x) − Imin (x)
t
Rdif
f (x)

=

t
(x)
Rmax

−

(8.14)

t
Rmin
(x) .

(8.15)

t
t
By comparing Rdif
f (x) and Idif f (x), it is possible to identify regions that should be
glossy but actually are matte. The comparison is simply performed by subtracting
t
t
Idif
f (x) from Rdif f (x) and thresholding the result. Threshold T must assure that
only surface points with bright highlights are considered:

(

D (x) =
t

t
t
1 if Rdif
f (x) − Idif f (x) > T
0 otherwise

.

(8.16)

At this stage, Dt (x) is 1 at matte points and Ih (x) is 1 at glossy points. The
remaining points which are not classified so far are assigned to one of the groups by
similarity in albedo color. For this purpose, an initial estimate of albedo is generated
{r,g,b}
by computing the minimum color value I{min} (x) at each point, assuming that
highlights always increase the point’s color. Note that this is not the true albedo,
because irradiance would have to be removed from the color value to obtain the
actual albedo. Afterwards, a process inspired by the work of [DTPG11] is used to
group the points. Albedo for pixels in Dt (x) and Ih (x) are inserted into two sets
D and I, respectively. It can happen that the sets contain outliers, i.e., a value is
included in both sets. Outliers are removed by checking each entry whether 60%
of its 1000 nearest neighbors are contained in the same or in the other set. If the
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neighbors are contained in the other set, the value is rated as outlier and is removed
from the set. The square norm is used as similarity measure. Finally, the assignment
of the remaining points is performed by determining whether D or I contains the
nearest neighbor based on Euclidean distance. The specular map w(x) is 0 at matte
points and 0 < s ≤ 1 at glossy points. If the nearest neighbor to the point is in I
and the Euclidean distance in chromaticity between the point and the neighbor is c,
√
then s = 1 − c.
Reconstructing the matte region The spatially varying BRDF of the matte region
is estimated using the separation approach presented in Sec. 8.2.1. In the optimization
process, the observation of each surface point is weighted with the corresponding
point in the specular map with (1 − w(x))4 . This ensures that only matte points
contribute to the result. Furthermore, the linear BRDF model is restricted to broad
specular lobes in order to avoid problems like depicted in Fig. 7.11. As a side effect,
this decreases the computation time, because fewer weighting coefficients have to be
K.
estimated. The result of this step is ρd (x) and αl,d
Reconstructing the glossy region It is not possible to reconstruct glossy surfaces
using only the separation of Sec. 8.2.1, as bright highlights are not fully removed
from the diffuse component. Therefore, diffuse and specular components of glossy
regions are extracted independently by different methods.
The diffuse component is reconstructed by locating and removing specular highlights
directly from the input images. Most environments can be described by smooth
ambient light and few bright spots from light sources. Usually, the light sources
create bright highlights on the surface. Assuming that highlights always increase the
brightness at a point, computing the minimum color at each surface point results
in a specular-free surface Imin (x). It is, however, necessary that highlights do not
overlap in the captured images. This has to be ensured when taking the photos. This
simple highlight removal technique is also described in Sec. 6.1.
The minimum Imin (x) contains radiance measurements per point. In order to obtain
albedo, the irradiance has to be removed. As the illumination is known, the irradiance
E(x) for each surface point (x) can be easily computed (Eq. (2.34)). Then, ρ̂s (x)
becomes
ρs (x) = π

Imin (x)
.
E(x)

(8.17)

The specular component of the BRDF in the glossy region is again computed
by separation (Sec. 8.2.1), although the method produces diffuse and specular
components (i.e., the diffuse component is discarded). Again, in the optimization
the surface points are weighted according to the specular map with w(x)4 . This step
K.
results in αl,s
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Figure 8.12.: Results of the combined separation and clustering approach for a real-world
scene. From left to right and top to bottom: environment, input images, estimated specular map and surface under novel illumination (ennis and point-light
illumination.

Combining the estimations In the last step, the four parts are blended according
to w(x) to form the final spatially varying BRDF. At each surface point, aK
l (x) is
K
K
computed by linearly interpolating between al,d (x) and al,s (x). As w(x) is 0 in the
matte region and between 0 and 1 in the glossy region, the matte BRDF is assigned
to the matte region and a mixture of both BRDFs is assigned to the glossy region.
Discussion A major difference between this approach and the previous (Sec. 8.2.1)
is that albedo is extracted directly from images in glossy regions. This should prevent
artifacts from highlights that can not be removed perfectly, because of imperfect
calibration or inaccurately approximated specular lobes. However, during image
capturing it has to be ensured that each surface point is visible at least once without
highlight. There are environments and materials for which it is not possible to fulfill
this requirement, so this approach can not be used in all cases.
Like in the approach presented in Sec. 8.2.1, the number of specular lobes is limited,
in this case to one matte and one glossy lobe. By further analyzing the difference
images, it may be possible to separate points by the shape of the lobe. However, this
is a challenging problem, mainly due to noise and other factors that degrade the
quality of the difference images, for example, inaccurately aligned textures extracted
from the surface in the two views (due to errors in homography estimation, HDR
image merging, etc.).
Figs. 8.12-8.14 show results of the approach for real and synthetic scenes. The surface
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in Fig. 8.13(a) contains some perturbed normals, which produce details that are lost
in the result, as normal reconstruction is not used in this case. Fig. 8.13(b) shows a
surface with very similar colored diffuse and specular regions. Nevertheless, only a
few small points are wrongly assigned to the glossy region. However, applying filters
to remove these outliers would also remove the small details in Fig. 8.13(a).
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a)

b)

Figure 8.13.: Results of the combined separation and clustering approach for synthetic scenes.
From left to right and top to bottom: environment, input image 1, input
image 2, estimated specular map, result rendered under novel illumination,
result rendered under same illumination as input images. Note that the first
input image always shows the surface without highlights, so the albedo can be
separated from specular reflections.

86

8.2. Diffuse-Specular Separation

Figure 8.14.: Results of the combined separation and clustering approach for real-world scene
taken under the illumination in the bottom row. From left to right: input images,
relighting with ennis environment, relighting with point-light sources.
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9. Combining Normal and BRDF
Estimation

In the previous chapters, algorithms for normal reconstruction and BRDF estimation
were presented independently. Now, these algorithms are combined to reconstruct
normal map and BRDF of the surface. In the following, some problems that occur due
to the combination of the algorithms are discussed and shown in various examples.
BRDF estimation provides the best results if the normal map is known. However,
in order to reconstruct the normal map, the BRDF has to be known, leading to a
circular dependency. In this work, this dependency is avoided by using intrinsic image
decomposition to extract diffuse shading and recovering the normal map only from
diffuse information. As demonstrated in Sec. 7.3, BRDF estimation works best if at
least a single highlight is visible (i.e., a strong high-frequency light source is reflected
from the surface to the camera). However, highlights degrade the performance of
normal reconstruction, because highlights from colored light sources change the
observed chromaticity. This introduces artifacts in diffuse shading generated by the
intrinsic image decomposition algorithm (see Fig. 6.1(c)). Generally, intrinsic image
decomposition does not work well on specular materials with high-frequency normals,
as the decomposition algorithm can not distinguish between diffuse and specular
shading if both consist only of high-frequency components. Nevertheless, even if the
decomposition would be perfect, there are still materials for which normals cannot
be reconstructed sufficiently well from diffuse information only due to their small
diffuse contribution (e.g., mirror-like materials).
To sum up, intrinsic image decomposition and normal reconstruction produce normal
maps that are corrupted for specular materials, especially at regions with highlights.
However, these regions contain the most information about the BRDF. Therefore,
incorrect normals probably degrade the performance of BRDF estimation significantly
and it may be better to assume a flat surface instead of using the recovered normal
map. In the following, the combination of BRDF and normal estimation is analyzed
for surfaces with homogeneous BRDF. Afterwards, the implications for the different
approaches to handle spatially varying reflectance are described.
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9.1. Homogeneous Materials
A reliable reconstruction of normals and BRDFs is only possible if the light comes
from a specific direction and creates highlights on the surface. For example, using
arealight-lt of Fig. 6.5 and placing the camera in front of the plane would not allow
to reconstruct the BRDF, because the light source does not create a highlight on the
surface. In contrast, if environment arealight in Fig. 7.3 is used, it is not possible
to reconstruct normals, because the light source is centered above the plane (cf.
Fig. 6.6).
The environments used in the following satisfy both requirements (Fig. 9.1(a)).
Smoothlight is a combination of previously used environments (Fig. 6.5 and Fig. 7.3).
The former contains a smooth component to support normal reconstruction and
a green area-light in the center for BRDF estimation, the latter is again the pisa
environment. The normal maps are shown in Fig. 9.1(b). Normal map test is flat
and contains a few edges. Metal (rusty metal) is flat too, but there are much more
edges than in test. In contrast, normal map concrete generates a bumpy surface.

pisa

smoothlight
(a)

test

concrete

metal

(b)

Figure 9.1.: Environments and normal maps used in reconstruction.

Each scene is rendered from two viewpoints, just like in Sec. 7.3. The reconstruction
starts by extracting shading from rendered images as described in Sec. 6.1. The
extracted shading is used to reconstruct normal maps (Sec. 6.2). Finally, the BRDF
of the surface is estimated in two different ways:
1. Use reconstructed normal map in BRDF estimation.
2. Ignore reconstructed normal map in BRDF estimation, i.e., assume that the
surface is flat.
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If normal reconstruction was perfect, the best choice would be option 1. However, as
mentioned above, normal reconstruction is problematic especially in specular regions.
Normals that lead to small displacements of surface points generate blurry specular
highlights modelled by the roughness parameter of the BRDF. The presented reconstruction approach can not handle such small displacements. Larger displacements
become visible in the image, but due to specularity it is still difficult to reconstruct
the corresponding normals. In option 2, these unreliable normals are ignored, which
means to still represent them by the roughness parameter. As a result, the BRDF
is smoothed and normals can be discarded, as they are contained in the roughness
parameter. The surface looks as if it is seen from far away. In practice, when seen
from smaller distances, the result sometimes looks better if normals are used to
render the surface. In the following, option 1 and 2 are compared and in each case
the surface is rendered with the reconstructed normal map.
Fig. 9.2 shows the error of the estimated BRDFs. Overall, it is similar to the errors
measured for surfaces without normals (Fig. 7.6). Therefore, as expected, the error
is small for diffuse BRDFs (fruitwood-241 and blue-rubber). Likewise, the error for
specular BRDFs is much greater. Plots of alum-bronze in Fig. 9.3 show that the reason
is the shortening of the specular lobe, which is a result of the blurring described
above. The effect is stronger for metal, because metal contains more edges than
test. Surprisingly, the error is greater if the reconstructed normal map is used in the
estimation.
The reason can be found in Fig. 9.4, where the reconstructed normal maps are shown.
Especially in normal map test, flat parts of the surface become slightly deformed.
Therefore, edges as well as flat regions are not reliable in the reconstructed normal
map. In contrast, if the surface is assumed to be flat, only normals at edges are
wrong. However, whether the normal map is used in the estimation or not, there is
not much difference in the rendered images (Fig. 9.5).
Summing up, estimating BRDFs of specular surfaces with normals is difficult, as good
normal maps are necessary to estimate the specular appearance. Furthermore, errors
in normal maps are more visible for specular than for diffuse surfaces (Fig. 9.4(a)
and Fig. 9.4(c)). Finally, for nearly flat surfaces it seems to be better to assume that
the entire surface is flat when estimating the BRDF.
In order to improve the results of the BRDF estimation, an iterative approach to
estimate normal map and BRDF one after another could be used as a solution for
this problem. However, this would only improve normals in regions where highlights
have been observed, and consequently there has to be some concept to propagate
information from these normals to other regions of the image.
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Figure 9.2.: Error of the estimated BRDF for different lighting environments and normal
maps, computed as in Fig. 7.6(a) with θ{i,o} > 80◦ . Results are similar if
θ{i,o} > 45◦ ).
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Figure 9.3.: Plots for BRDFs estimated with and without normal map, scaled by cubic root,
θi = {15◦ , 45◦ , 75◦ }, φi = 0◦ , φo = 180◦
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(a) smooth-light + alum-bronze + test

(b) smooth-light + alum-bronze + metal

(c) smooth-light + blue-rubber + test

Figure 9.4.: Results for various scenes. From left to right: one of the two input images,
reconstructed normal map, rendered surface with reconstructed normal map and
estimated BRDF. The normal map was used in the estimation.

Figure 9.5.: Rendering results for BRDF estimation with reconstructed normals (left) and
BRDF estimation without normals (right).
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9.2. Spatially Varying Materials
In the previous section, it is shown that the estimated normal map is to inaccurate
for a reliable reconstruction of the BRDF. This is a large problem in the clustering
approach (Sec. 8.1), as it is very sensitive to outliers caused by normals or noise
(refer to Fig. 8.4 for an example). Therefore, diffuse shading has to be removed before
BRDF estimation without altering specular shading, otherwise the recovered specular
lobe will be corrupted. Because a purely image based solution like in intrinsic image
decomposition is difficult to achieve without further information about the specular
BRDF component, this is not further investigated in this work.
Reconstruct
3D scene

Remove spec.
highlights

SVBRDF
estimation

Extract
diffuse shading

Remove shading
from albedo

Shape from
shading

Normal map

SVBRDF

Figure 9.6.: Combining the separation approach for estimating spatially varying BRDFs
with normal estimation. The BRDF is estimated by assuming a flat surface, i.e.,
the estimated normal map is not considered. Therefore, diffuse shading due to
normals has to be removed from albedo.

In contrast, the integration of normal estimation into the separation approach
described in Sec. 8.2 is easier, because it can deal with outliers from perturbed
normals. Without normals, the approach separates the observed surface into albedo
and coefficients for the specular lobe. If, however, the surface is perturbed by normals,
the per-pixel diffuse shading from the normals is modulated onto albedo. The intrinsic
image decomposition algorithm described in Sec. 6.1 is used to remove the modulated
shading from albedo. Normal estimation works the same as in case of homogeneous
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materials.
Fig. 9.6 shows the main idea of the method: normals and spatially varying BRDF
are estimated independently. As before, normals are reconstructed by decomposing
the image into its intrinsic images and applying the normal estimation algorithm
to the extracted diffuse shading. Because the surface is assumed to be flat when
estimating the BRDF, diffuse shading is not removed from albedo. Therefore, the
intrinsic image decomposition algorithm is called once again to accomplish this task.
Results for real scenes are given in Fig. 9.7 and Fig. 9.8. The spatially varying BRDF
is estimated by the approach described in Sec. 8.2.2.

Figure 9.7.: Results of BRDF estimation and normal reconstruction. The approach described
in Sec. 8.2.2 is used to estimate the spatially varying BRDF. From left to right and
top to bottom: input images, relighting with ennis environment, relighting with
point-light sources, environment where the input images were taken, estimated
normal map.
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Figure 9.8.: Results of BRDF estimation and normal reconstruction. The approach described
in Sec. 8.2.2 is used to estimate the spatially varying BRDF. From left to right:
input images, relighting with ennis environment, relighting with point-light
sources. Last row: environment where the input images were taken and estimated
normal maps.
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10. Conclusion
In this work, the normal map and the spatially varying bidirectional reflectance
distribution function of almost planar surfaces were estimated from three images.
Two images show the plane from different camera positions. In order to capture the
incoming illumination within the third image, the camera is equipped with a fish-eye
lens. The acquisition process is simple and focuses on the use of mobile devices. In
this case, perfect calibration is not possible. Therefore, it was shown how to deal
with imperfect calibration in order to get reasonable results.
The presented method to estimate normals uses diffuse shading information contained
in the images. An algorithm was introduced that allows to separate images of textured
surfaces into its intrinsic images. However, the problem is ill-posed and a correct
decomposition is difficult to achieve. Thus, there are some surfaces for which the
decomposition fails. Diffuse shading is used to reconstruct a normal map. The
presented shape from shading approach reconstructs normals from almost planar
surfaces. Although arbitrary illumination can be used, there are environments that
work better than others. It is important that diffuse shading is clearly visible in the
image, otherwise the algorithm will fail.
BRDF estimation is based on a linear BRDF model, which means that the BRDF is
represented as a linear combination of basis materials. Fitting is performed via nonnegative linear least-squares optimization by taking all surface points into account. It
was shown that it is possible to generate a decent approximation of the real BRDF
from two images if highlights are seen on the surface. More precisely, the light sources
have to contain high frequencies and must be reflected from the surface into the
camera. If this condition is not fulfilled, the shape of the specular lobe will not be
estimated correctly. Furthermore, it was shown that including estimated normal
maps in BRDF estimation does not always improve the quality of the result, because
the estimated normal maps are to inaccurate for this.
Finally, the system was extended to handle spatially varying BRDFs. An approach that
clusters the points based on residuals of randomly generated models was developed
and evaluated. However, it is difficult to find a parameterization that generates
robust results in a large variety of scenes. Furthermore, it is not possible to represent
textured surfaces by a few clusters. Therefore, a method that separately estimates
the diffuse and the specular BRDF component was introduced. In this case, a diffuse
texture with per-pixel color information and a single specular lobe for the whole
surface is extracted. However, it turned out that the estimated specular component is
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not good enough to separate it from the diffuse texture in real images. This problem
can be solved if one of the images is free of highlights, because it only contains
diffuse contributions. Based on differences in the input images, the approach was
extended to separate the surface into matte and glossy regions. In this case, besides
per-pixel albedo, two specular lobes are extracted from the surface. By combining
this technique with normal reconstruction, a system was created that is capable of
estimating the normal map, the albedo, and two specular BRDF lobes for glossy and
matte regions.
In future work, it would be interesting to incorporate information from the estimated
BRDF into normal reconstruction. This should improve the quality of the normal map,
which in turn can be used to estimate better BRDFs. By combining both steps into
a single algorithm, it should be possible to optimize normals and BRDFs iteratively.
Nevertheless, the quality of the estimation still depends on the illumination, which
also means that there is no highlight in some scenes or highlights are only visible
in small regions. Therefore, the normal map can only be refined in this regions. In
order to become independent of the environment, one or more images with activated
flash could be taken. In this case it is useful that the position of the flash in respect
to the optical center of the camera is known.
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A. Iterative Solutions for Normal
Estimation
A.1. Initial Normal Map
The initial normal map is obtained by solving the following Euler-Lagrange equations
(refer to Sec. 6.2 for details on notation):
∂F
d ∂F
d ∂F
−
=0
−
∂u
dx ∂ux dy ∂uy
∂F
d ∂F
d ∂F
−
−
=0
∂v
dx ∂vx dy ∂vy
d ∂F
d ∂F
∂F
−
−
= 0.
∂w dx ∂wx dy ∂wy

(A.1)
(A.2)
(A.3)

Forming the partial derivatives and plugging them in, the equations become:
(a3 u + a2 v + a1 w + a0 − i)a3 − µ∆u = 0

(A.4)

(a3 u + a2 v + a1 w + a0 − i)a2 − µ∆v = 0

(A.5)

(a3 u + a2 v + a1 w + a0 − i)a1 − µ∆w = 0 ,

(A.6)

where ∆ is the Laplace operator (∆f = fxx + fyy ). A discrete approximation of ∆
based on a 2D binomial filter is given by the filter mask
1
2
1
1

∆ = 2 −12 2 .
4
1
2
1




(A.7)

This mask can be separated into two parts, a mask that computes the local average
B and the identity I:
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(A.8)

}
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Appendix A. Iterative Solutions for Normal Estimation
Applied to u, ∆u = 3(ū − u), with ū = B ∗ u and u = I ∗ u. This is similar to the
approach by Horn and Schunck [HS81] who used it to determine the optical flow.
With this approximation, Eqs. (A.4)-(A.6) become (µ0 = 3µ):
(a3 u + a2 v + a1 w + a0 − i)a3 − µ0 (ū − u) = 0
0

(a3 u + a2 v + a1 w + a0 − i)a2 − µ (v̄ − v) = 0
0

(a3 u + a2 v + a1 w + a0 − i)a1 − µ (w̄ − w) = 0 .

(A.9)
(A.10)
(A.11)

In order to build an iterative algorithm to solve the system at each surface point,
the difference of the normal (u, v, w) from the local average (ū, v̄, w̄) is estimated:

b̃ =

u − ū = −a3 b̃

(A.12)

v − v̄ = −a2 b̃

(A.13)

w − w̄ = −a1 b̃

(A.14)

a3 ū + a2 v̄ + a1 w̄ − i + a0
.
µ0 + a21 + a22 + a23

(A.15)

Finally, the normals in step k + 1 are obtained by adding this difference iteratively
to the local average of step k:
uk+1 = ūk − a3 b̃k
v

k+1

= v̄ − a2 b̃

w

k+1

= w̄ − a1 b̃ .

k

(A.16)
(A.17)

k

k

(A.18)

k

After each step, the vectors are normalized to ensure a length of 1.

A.2. Height Map
Using the relative height calculated directly from the normals


q(x, y) =



u(x,y)
 w(x,y) 
v(x,y)
w(x,y)

"

#

q (x, y)
= x
,
qy (x, y)

(A.19)

the height map is reconstructed by minimizing the following Euler-Lagrange equation
(refer to Sec. 6.2 for details on notation):
∂F
d ∂F
d ∂F
−
−
= 0.
∂h
dx ∂hx dy ∂hy
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(A.20)

A.2. Height Map
Inserting the derivatives yields:
−hxx − hyy +

dqx dqy
+
= 0.
dx
dy

(A.21)

Because
dqx dqy
+
=
dx
dy

d
dx
d
dx

!

·

qx
qy

!

= ∇·q,

(A.22)

this can be reformulated as Poisson equation:
∆h = ∇ · q .

(A.23)

If the Laplace operator is simply approximated by
0 1 0


∆ = 1 −4 1 ,
0 1 0




(A.24)

in discrete form the equation is given as
h(x − 1, y) + h(x + 1, y) + h(x, y − 1) + h(x, y + 1) − 4h(x, y)
u(x, y)
v(x, y)
u(x − 1, y)
v(x, y − 1)
=
+
−
−
w(x, y) w(x, y) w(x − 1, y) w(x, y − 1)

(A.25)

and rearranged for an iterative solution
hk+1 (x, y) =

1 k
h (x − 1, y) + hk (x + 1, y) + hk (x, y − 1) + hk (x, y + 1)
4

v(x, y)
u(x − 1, y)
v(x, y − 1)
u(x, y)
−
+
+
.
−
w(x, y) w(x, y) w(x − 1, y) w(x, y − 1)

(A.26)
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